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Abstract

The pay-as-bid auction is one of the most prominent mechanisms al-
locating divisible goods like energy. This paper presents an equilibrium
analysis of pay-as-bid auctions in a general environment where bidders are
privately informed about their valuations. With two bidders the pay-as-
bid auction can be represented as a continuum of asymmetric first-price
auctions. I define a locally optimal Bayes-Nash equilibrium, characterize
equilibrium strategies and show uniqueness. I also provide a characteri-
zation of the locally optimal equilibrium for more than two players. The
equilibrium structure infers that bid flattening is less relevant than con-
cluded by existing literature on strategic ironing. However, I show that
every Bayes-Nash equilibrium has to be either locally optimal or strategic
ironing. In the cases where the locally optimal equilibrium does not exist

there has to be a strategic ironing equilibrium.
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1 Introduction

Auction theory has extensively studied first-price auctions but is still lacking a
deeper understanding of their natural extension to divisible goods. Pay-as-bid
auctions, also known as discriminatory-price auctions, are a standard auction for-
mat for allocating divisible goods or multiple homogenous goods. They are one
of the most common market mechanisms allocating trillions of dollars in electric-
ity markets and treasury auctions (Song and Zhu (2018)). The ongoing climate
crisis connected to the crisis in energy markets calls for a better understanding
of procurement mechanisms. The importance of pay-as-bid auctions stands in
stark contrast to the lack of its theoretical understanding. How do the rules of
market mechanisms translate to profits of auctioneers and bidders as well as so-
cial welfare? The key ingredient in the theory of mechanism design is private
information. However, the theory of pay-as-bid auctions with private information
is still mostly uncharted territory. What are equilibrium properties of pay-as-bid
auctions with private information? A new foundation for the theoretical analysis
of pay-as-bid auctions would be a characterization of equilibrium strategies and
a proof of equilibrium uniqueness. I provide this foundation with an in-depth
analysis of the setup with two bidders and an equilibrium characterization that

extends to the case with more than two bidders.

An auctioneer wishes to procure one unit of a perfectly divisible good and faces
competing bidders with private information about their cost functions. This could
be understood as a procurement auction in energy markets. The private infor-
mation parameters are independent draws from a commonly known distribution.
The auctioneer runs a pay-as-bid auction. Each bidder submits a weakly increas-
ing bid function indicating a price for every infinitesimal unit. The mechanism
sets the clearing price such that the totality of units offered at the clearing price

or below add up to one. All infinitesimal units offered below the clearing price



are accepted. The respective payment for each accepted unit is “as-bid” in the

bid function.

I prove that Bayes-Nash equilibria can only be of two types. First, I introduce
locally optimal equilibria as a class of Bayes-Nash equilibria where first-order con-
ditions hold at every infinitesimal unit. To solve for this equilibrium in a setup
with two bidders I view the pay-as-bid auction as a continuum of asymmetric
first-price auctions where a bidder competes for infinitesimal unit y with the bid
of its rival for unit 1 — y. Then, existing results on single-unit auctions can be
exploited. I characterize equilibrium strategies with a system of ordinary differ-
ential equations. Using the Picard-Lindelof theorem and an appropriate initial

condition I show that there is a unique locally optimal equilibrium.

Second, in strategic ironing equilibria players flatten their bid functions such that
first-order conditions do not hold at every infinitesimal unit but they hold on
average over the flat part of the bid function. The name and the idea for this

equilibrium type rely on the work by Woodward (2016).

I prove that any Bayes-Nash equilibrium has to have either the locally optimal
property or the strategic ironing property. When the characterized offer curves
for the locally optimal equilibrium do not satisfy monotonicity the locally optimal
equilibrium does not exist. Combining with the proof of equilibrium existence
by Woodward (2016]) this implies that in such a case there has to be a strategic
wroning equilibrium. It remains unclear whether a given cost function can give
rise to both equilibrium types. Finally, I demonstrate closed form solutions of the
locally optimal equilibrium for a class of linear marginal cost functions. To the
best of my knowledge, this is the first closed form representation of a Bayes-Nash

equilibrium in a pay-as-bid auction of a perfectly divisible good with private infor-



mation. In previous studies solutions have been available only in very restrictive
setups that I discuss below. I provide a backwards engineering method creating
solution examples. I demonstrate the derivation using one example and evaluate

equilibrium properties.

In my example the pay-as-bid auction creates lower social welfare than the ex-post
efficient Vickrey auction (as expected) but is more favorable for the auctioneer in
terms of revenue (procurement costs). This could motivate auctioneers in practice

to use the pay-as-bid auction instead of the Vickrey auction.

The rest of this work is organized as follows. The remainder of this section situates
my findings in the related literature. The following section sets up the pay-as-bid
auction as a Bayesian game. [ describe the relevant action spaces and private
information as well as the payoff function defined by the rules of the auction for-
mat. Section [3| defines Bayes-Nash equilibria of the pay-as-bid game, describes
the two possible forms and proves uniqueness for the locally optimal form. I show
the derivation of closed form solutions and give one example. Section [5| compares
welfare and revenue of the pay-as-bid auction in the closed form solution example

to the Vickrey auction. Section [6] concludes.

The practical relevance of auctions for goods like energy motivates a large body of
theoretical literature. Which auction format should be used to allocate divisible
goods? Existing literature has shown difficulties in answering this question with

an equilibrium analysis.

The literature finds equilibria in the pay-as-bid auction only in very restrictive set-
tings. These restrictions include monopoly and perfect competition (Federico and

Rahman (2003)) and setups with constant marginal costs (Fabra, von der Fehr,



and Harbord (2006), Holmberg and Wolak (2018)), Ausubel et al. (2014)). An-
other body of literature identifies equilibria in setups with linear marginal values
and uncertainty of the auctioned quantity that follows some form of the general-
ized Pareto distribution (Wang and Zender (2002)), Hastd and Holmberg (2006),
Ewerhart, Cassola, and Valla (2010), Ausubel et al. (2014))). In a setup without
restrictions on the uncertainty of demand but with no private information Pycia
and Woodward (2023) provide a closed form representation of equilibrium strate-
gies and show uniqueness. Including private information, Engelbrecht-Wiggans
and Kahn (1998) and Chakraborty (2006) develop an equilibrium characteriza-
tion and numerical solutions for a pay-as-bid auction for two homogenous goods.
My work extends the above findings by providing an equilibrium characteriza-
tion, a uniqueness result and examples of closed form solutions in a setup with
a perfectly divisible good and without strong parametric assumptions about the

distribution of private information parameters.

In my procurement setting for a divisible good the Vickrey auction, an appli-
cation of the Vickrey-Clarke-Groves mechanism in the spirit of Vickrey (1961)),
allows ex-post efficient allocations. However, the Vickrey auction is hardly used in
practice. A possible reason is that the pay-as-bid auction dominates the Vickrey
auction in terms of revenue (Ausubel et al. (2014)). My analysis endorses this

proposition.

Besides pay-as-bid auctions, the uniform price auction is the most common format
in divisible good auctions. In the uniform price auction, also known as pay-as-clear
auction, the payment for all assigned infinitesimal quantities equals the clearing
price. In some setups of the uniform price auction equilibria have been identified.
Klemperer and Meyer ((1989)) describe an equilibrium when the auctioned quantity

is uncertain and there is no private information. Vives (2011) and Ausubel et al.



(2014) analyze equilibria with linear marginal valuations where the intercept is

private information.

Similarly to the above studies of uniform price auctions, my analysis of pay-
as-bid auctions relies on a pointwise maximization argument. However, the two
approaches are inherently different. In uniform price auctions Klemperer and
Meyer (1989)) argue that bid functions are ex post optimal. That is, a bidder
would not wish to change their bid function after learning the realization of un-
certainty. Each point on the bid function is optimal with regard to one realization
of residual demand (or supply). In pay-as-bid auctions this approach does not
work because the total payment not only depends on one point of the bid func-
tion but on the entire part corresponding to the share of the good assigned to the
respective bidder. Instead, I view the maximization problem for each infinitesimal
quantity separately. In contrast to the total payment, the payment for a particu-
lar infinitesimal unit and the probability of being assigned the infinitesimal unit

depend only on the bid for this particular unit.

Due to the difficulties in analyzing equilibria of pay-as-bid and uniform price
auctions, an emerging body of literature uses structural approaches to calculate
counterfactuals when comparing revenue of competing auction formats in divisible

good auctions in practice.

Hortagsu and McAdams (2010)) use a first-order condition argument to derive
valuations from observed bid data. They conclude that revenue differences be-
tween the pay-as-bid auction and the uniform price auction are not significant.
Armantier and Sbai (2006) find that the uniform price auction is more favorable
for both the bidders and the auctioneer. In renewable energy auctions Lamp,

Samano, and Tiedemann (2024) find that the uniform price auction would de-



crease market power and reduce subsidy expenses. Most papers in this section
of the literature can only approximate counterfactual outcomes based on derived
valuations. With data on both auction formats Kang and Puller (2008) state
that the pay-as-bid auction creates higher revenue and a more efficient allocation.
My equilibrium characterization allows future research to calculate counterfactual
equilibrium outcomes from the pay-as-bid auction when only the uniform price

auction is observed.

My setup of the pay-as-bid auction relates most closely to the work by Wood-
ward (2016) and Woodward (2019)), which establishes existence of pure-strategy
Bayes-Nash equilibria. The proof of equilibrium existence relies on a discretiza-
tion of the action space as analyzed by Athey (2001)), McAdams (2003)) and Reny
(2011). In pay-as-bid auctions bidders are required to submit weakly monotonic
bid functions. My analysis of locally optimal and strategic ironing equilibria - al-
beit questioning the relevance of bid flattening - reconciles the work of Woodward
(2016) with standard results from auction theory. I extend the work of Pycia and

Woodward (2023) with my analysis of private information.

2 Model

I consider the procurement problem of a divisible good in a setup with private
information. All of my results extend to the sale of a divisible good. The auction
is defined by the environment of the problem and the rules of the economic game
set by the mechanism designer. Motivation for this model is the central energy
procurement by a government facing competing energy producers. In such cases
the designer is usually also the institution that collects potential revenue or pays

procurement costs.



2.1 Environment

A designer needs to procure one unit of a perfectly divisible good. The designer
sets the rules of the game but is not modeled as a player. N players are potential
producers of the good. Each player ¢ has private information about her efficiency
parameter 6 which is drawn independently from a uniform distribution on the
interval [0, 1], which is the type spaceﬂ The efficiency parameter 6 enters the
commonly known marginal cost function ¢(6,y). Marginal units are denoted by
y € [0,1]. The marginal cost function is a Lipschitz continuous and Lebesgue mea-
surable function ¢ : [0,1] x [0,1] — R. I assume that ¢(6,y) is strictly decreasing
in # for any y € [0,1]. That is, for any infinitesimal unit, a producer has lower
production costs when efficiency parameter 6 is higher. This assumption implies
that marginal cost functions of different types never intersect. I also assume that
c(0,y) is strictly increasing in y for any # € [0,1]. In energy production this
assumption is backed by the internal merit order of producers. Cheaper power

plants are activated first.

2.2 The pay-as-bid game

The environment in combination with the rules of the auction constitutes the pay-
as-bid game G as a Bayesian game. This game is defined by the number of players
N, their type space, the distribution of types, their action set and their payoff
functions. All players have the same action set which is given by the set of weakly
increasing functions p : [0,1] — RH Throughout the paper I use superscripts to

indicate players and subscripts to indicate partial derivatives. Then, p‘(y) is the

!The restriction to the uniform distribution is without loss of generality. Through a change
of variable, a setup with any distribution of # that has no mass points can be transformed into
the uniform case. Suppose 6 is distributed according to cumulative density function Fy. Then,
0" = Fy(0) is uniformly distributed on [0, 1]. This transformation does not alter continuity and
monotonicity behavior of marginal costs in terms of 6.

20ffer curves have to be increasing in electricity markets due to the merit order adhered to
by the designer. An offer curve in existing markets is usually a collection of small chunks offered
by the producer at different prices. Cheap chunks are accepted first by the mechanism.



price demanded for infinitesimal unit y by player 7. I call such a function offer
curve. A pure strategy is a function mapping from the type space [0, 1] into the
action set. For any type 6 € [0, 1] the strategy gives an offer curve. I write a
strategy as a multivariate function out of the strategy set & which is the set of
functions p : [0,1] x [0,1] — R that are weakly increasing in their second argu-
ment. In this paper I only consider pure strategies. p‘(6,y) is the price demanded
by player i for marginal unit y when having private information parameter 6. It
makes sense to also define the two inverses of p* when they exist. Throughout

this study I denote the functions by (p, 0, y) and variables entering the functions
by (p,0,y).

The payoff functions ¢° : SV x [0,1]Y — R are given by the rules of the pay-
as-bid auction. Player i receives payoff ¢((p°,5~"), (6',607")) when the type profile
is (0°,0~") and the strategy profile is (p*,p%). The definition of payoffs in the
pay-as-bid game follows the work by Woodward (2016)). As offer curves can be

flat in quantities consider the following two functions instead of an inverse.
y'(0.p) =inf{y € [0,1] : 5'(0, ) > p}

7'(0,p) = sup{y € [0,1] : §'(0,y) < p}

If there is no y € [0,1] such that p'(6,y) > p, then y*(f,p) = 1. If there is
no y € [0,1] such that p(6,y) < p, then (6, p) :== 0. When p(,y) is strictly

increasing in y, the inverse with respect to y exists and is given by

7'(0,y) =y'(0,p) =7 (0,p).



The clearing price p is a function of the strategy profile and the private information

profile and is given by

N N
ﬁ((ﬁk)ff:p (9’“)sz1> = inf {p D> Y0 p) <1< Z@’“(Hk,p)}-
k=1 k=1
The infimum is required because there can be two prices satisfying the market
clearing condition when there is a bidder with a discontinuous bid function. When
the inverses {g*}_, exist the above is equivalent to the following implicit defini-
tion of the clearing price.

N
> g0k, p) = 1.

k=1

The quantity assigned to each player is also a function of the strategy profile and
the private information profile. When the inverse g’ exists, the quantity assigned

to player 7 is given by
7 (90 (09) = 76", ).

Flat offer curves and ties are handled by a rationing rule. Note that in equilibrium
ties are a probability zero event. When offer curves are flat at the clearing price,
quantities are rationed such that the smallest quantity assigned to some player is
maximized. As it is not essential for equilibrium properties the formal statement
of the rationing rule is provided in the appendix. Player i has to produce ¢° and
in return receives a payment equal to the area below ¢’s offer curve. The profit of

producer i is then formally given by

I (0 09) = [0 - e )



3 Bayes-Nash equilibrium and local optimality

Consider the maximization problem of player i. Denote by Pr(y,p) the prob-
ability that player ¢ successfully sells the y’th infinitesimal unit when offered at
price pfJ| This is a function of quantity y, price p and the strategy profile of the
competitors (j7);4 together with their types (67),.;. The first important finding
here is that Pr(y,p) does not depend on i’s bids for units other than y. The

formal statement for Pri(y,p) follows from the definition of the market clearing

price and the rationing rule and is given below.

Pri(y,p) = Prly+ Y 7 (¢’,p) < 1]

J#i
+Prly+ Yy, p) <1<y+ > 7 ,p)] 1'(y.p)
j#i JF#

The first part is the probability of strictly outbidding the competition. The sec-
ond part is the part of the winning probability that stems from a potential tie at
the clearing price. The indicator function Ili(y, p) takes value one when player ¢
sells unit y at price p in the case that it is affected by the tie and not won by
strictly outbidding the competition. Else it takes value zero. Note that ﬂi(y, p)
is a function of quantity y, price p and the strategy profile of the competitors
(p7)j together with their types (éj)#i but it does not depend on the rest of i’s
offer curve. Player i’s bids for units other than y do not affect the probability
of winning infinitesimal unit y. The definition of Ili(y, p) requires special caution
regarding the possibility of flat offer curves at the market clearing price. The
formal definition follows from the rationing rule and is moved to the appendix as
it is not essential for the equilibrium analysis. In equilibrium the probability of a

tie at given price p is zero and the second part takes value zero.

3When the y’th infinitesimal unit is sold that means all “lower” units have also been sold
and “higher” units are potentially also sold. That is, Pri(y, p) is actually a probability and not
a density.
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Expected payoff of player ¢ with marginal cost function c(6,-) when offering

151(027 ) is
7 (9 0) = [ PP 0. 9) (710" 5) = (0" ).

This suffices to define Bayes-Nash equilibria of the auction.

Definition 1 (Bayes-Nash equilibrium). A pure-strategy Bayes-Nash equilibrium
of the pay-as-bid game G is a profile of strategies (p*)Y., with

P € arg mag§i<(ﬁk)g:1,9i) Vo' € [0,1] Vie {1,..,N}.
pte

I distinguish two forms of Bayes-Nash equilibria. In the following subsection
I introduce the locally optimal equilibrium which is a solution of pointwise profit
maximization. I show that the unique locally optimal equilibrium is characterized
by a system of ordinary differential equations. In section[]I discuss strategic iron-
ing as introduced by Woodward (2016) where players flatten their bid functions
over certain regions. I show that every Bayes-Nash equilibrium is either of the

locally optimal or of the strategic ironing form.

3.1 Uniqueness and other properties

In this subsection I develop my main findings regarding equilibria of pay-as-bid
auctions that satisfy local optimality at every relevant infinitesimal unit. To for-

malize a notion of equilibrium uniqueness some preliminaries are required.

A common phenomenon in auction theory is that some types may win an auction
with probability zero in equilibrium. Their bid can be changed without changing

the equilibrium allocation. In multi-unit auctions Pycia and Woodward (2023))

11



call the set of units that are won with positive probability relevant units.

Definition 2 (Relevant units). The set of relevant units for player i with type
0" € [0,1] and strategy p* is

Y'={ye(0,1): Pri(y,p'(¢",y)) > 0}.

Note that any modification of a Bayes-Nash equilibrium such that offer curves
differ at a set of infinitesimal quantities with measure zero is also a Bayes-Nash
equilibrium as long as the resulting offer curves do not violate the monotonicity
restriction of the strategy space. However, when the equilibrium offer curves are
continuous such a modification would only be possible for y € {0,1}. To account

for this the above definition establishes that units y € {0, 1} are never relevant.

Definition 3 (Locally optimal equilibrium). A locally optimal equilibrium of the
pay-as-bid game G is a profile of strategies (p')?_, that form a pure-strategy Bayes-
Nash equilibrium of G' and locally mazimize expected profit for every relevant in-

finitesimal unit and every player in the sense that

P'(0,y) € arg maz Pri(y,p)(p — (6, y))

for every 0 € [0,1], for every i and for every relevant y.

To account for the fact that two equilibria could differ in strategies without
ever resulting in different allocations Pycia and Woodward (2023)) use the notion
of an essentially unique equilibrium. I describe a locally optimal equilibrium as
essentially unique when the set of relevant units and offer curves on all relevant

units are identical in all locally optimal equilibria for all types 6 € [0, 1].

I assume N = 2 for the remainder of this subsection. The pay-as-bid auction

with two players exhibits some convenient properties that make equilibria espe-

12



cially tractable. Player ¢ competes locally for the infinitesimal unit y with the bid
of player j for the infinitesimal unit 1—y. This realization is essential for the equi-
librium analysis. For this form of local competition I use the term infinitesimal
auction. When p*(6%,y) < p’(6’,1 — y) player 7 wins this auction and vice versa.
The pay-as-bid auction with two players can thus be described as a continuum of
infinitesimal auctions that are essentially asymmetric first-price auctions. I now
state the main result regarding uniqueness of a characterization for the locally

optimal equilibrium and examine some of its properties.

Proposition 1 (Uniqueness of the locally optimal equilibrium). The pay-as-bid
game G with two players has at most one locally optimal equilibrium in the sense
of essential uniqueness. Define p = fol (0, %)d&. When the equilibrium exists, it
is symmetric and strategies (p')?_, for relevant units are given by the inverse of the
function 0 solving the differential equation - considered over the domain D =
{@,y,p) |0 € (0,1],y € (0,1),p € (c(0(y,p),y), (0, )} - with initial condition
-

O,(y,p) = —— b.p) : (1)
6(9(1 —y,p),1— y) —p

0(y.p) =1 for ye(©.1). 2)
Proof. See section (3.2 O

Proposition [1| characterizes bids in the unique locally optimal equilibrium with
a differential equation and an initial condition. Existing literature on first-price
auctions by Lebrun (2006)) entails two boundary conditions, because it is restricted
to equilibria where players never bid below costs. In my analysis this is possible
when the respective bid is accepted with probability zero. In this case I call the
respective unit not relevant. For units that are not relevant there are potentially
infinite ways possibilities of equilibrium bid functions. As those bids are accepted

with probability zero and never affect the allocation I still call the equilibrium

13



essentially unique.

The proof of Proposition (1| is based on existing results regarding first-price auc-
tions for single units. I first show that p(-,y) has to be continuous and strictly
decreasing and Pr’ has to be continuously differentiable. Then, to satisfy the
first-order condition of profit maximization at every unit y, the differential equa-
tion has to hold. Now, view 6(y,-) and (1 — v, -) as two separate functions.
Equation and

Op(1 - y,p) = o0~ 5.p)
C(é(y,p),y> —p

form a system of ordinary differential equations. Then, the local Picard-Lindelof

theorem can be applied to show that there is a unique solution to and .

The following subsection provides a detailed proof.

Let p and 6 now be the functions characterized by Proposition . The following
properties can all be derived directly from the characterization. The properties

are visualized in Figure [T}

Property 1. The offer curve for the most efficient type p(1,-) is flat at p(1,y) = p
with y € (0,1).

Proof. This follows directly from inverting initial condition in Proposition
1l O

Property 2. Offer curves p(6,-) are Lipschitz continuous at all relevant units.
Proof. This proof can be found in the appendix. n

Property 3. Fory < 3 it holds that p(0,y) < p(0,1 —y) for any 0 in the image
Of é(ya )

Proof. This follows from the proof of Lemma [5] O

14



Figure 1: Solution properties

Note that Property [3] is weaker than monotonicity in y. Monotonicity of p
does not follow directly from the monotonicity of c¢. This is discussed in section
3.3l Figure [1| shows an example of offer curves p solving the characterization
in Proposition . Offer curves are continuous and p(1,y) = p. In this example
offer curves are weakly increasing everywhere. Bids in the shaded gray area are
accepted with probability zero. The respective units are not relevant for the types

bidding in this area.

3.2 Proof of uniqueness

In this part I outline the proof of Proposition [1} Technical details can be found
in the appendix. To show that any locally optimal equilibrium has to satisfy
some regularity conditions I exploit three existing results on first-price auctions.
I consider the infinitesimal auction where bidder ¢ competes for infinitesimal unit

y with bidder j’s bid for unit 1 — y.

Lemma 1 (Maskin and Riley (2000)), Proposition 3). In any locally optimal equi-
librium of the pay-as-bid game G, for any given y € (0,1), the cumulative dis-
tribution function of winning bids min{p;(-,v),p;(-,1 —y)} is continuous and the

support of the distribution is an interval [p, ]

15



Lemma |1|implies that the distribution of bids of any bidder has no mass points

at any relevant y. This is helpful to prove the following result.

Lemma 2 (Maskin and Riley (2000)), Proposition 1). In any locally optimal equi-
librium of the pay-as-bid game G, p;(-,y) is a strictly decreasing function for
i € {1,2} in the sense that 0" > 0 implies that p;(0",y) < pi(0',y) for any 0 and

0" such that the infinitesimal unit y is relevant.
Lemma [2| implies that the inverse bid functions (6)2_, exist.

Lemma 3 (Maskin and Riley (2003)), Lemma 7). In any locally optimal equilib-

rium of the pay-as-bid game G, at any y € (0,1), 0(y, -) is continuously differen-
tiable.

It follows from the proof of Lemma 3| that the following system has to be satis-
fied and the derivatives exist. The same system follows from first-order conditions

of profit maximization by both bidders.

07(1—y,p) = 0 —y.p)
’ C(éi(y,p),y> —p 5
Oy, p) = Ply.p)

C(éj(l —y,p); 1 —y> —p

For given y € [0, 1] this is an ordinary differential equation. To apply the usual

theorems an initial condition is needed.

Lemma 4. In any locally optimal equilibrium of the pay-as-bid game G, at any
y € (0,1), it holds that é(y,g_o) =1 with p = fol c(, 3)do.

Lemma [4 establishes that the initial condition for the differential equation in
Proposition (1] is actually a necessary condition for a locally optimal equilibrium.

It can be easily seen that the offer curve of type 6 = 1 has to be flat. Suppose for

a contradiction that p(1, -) is strictly increasing for some y. Recall that by Lemma

16



bids of all other types are strictly higher for given y in equilibrium. Then type
6 = 1 has a profitable deviation. The bid for low units y close to zero can be
slightly increased while maintaining winning probability one as long the bid is be-
low the respective bid for the competing unit 1 —y. Setting p(1,y) = fol c(0, %)d@
ensures that p(0,1/2) = ¢(0,1/2). Otherwise the bid of type 8 =0 at y = % could
not be optimal as profits for this infinitesimal unit could be increased by slightly
lowering the bid. This is also a consequence of Theorem 1 of Pycia and Woodward
(2023) and earlier results on symmetric first-price auctions. A complete proof of

Lemma 4] is included in the appendix.

Taking the ordinary differential equation ({3) with initial condition as derived
in Lemma [4 I can apply the local Picard-Lindelof theorem to see that there is a
unique solution. Since the same system has to hold also when indices j and i are
exchanged, the solution has to be symmetric and can therefore be written without

indices as in equation . This completes the proof of Proposition .

3.3 Existence

Existence of the locally optimal equilibrium in pay-as-bid auctions is more com-
plicated than equilibrium existence in first-price auctions. However, using Propo-
sition [2] it is straightforward to check for existence with a given marginal cost
function c¢. At the end of this subsection I give an example of a locally optimal

equilibrium in closed form.

Proposition 2. The pay-as-bid game G with 2 players has a locally optimal equi-
librium if and only if the inverse bid function é(y,p) characterized by ODE
and initial condition (2)) is weakly increasing in y and 0(y,-) has image (0,1] for

every y € [0,1/2].

Proof. To constitute an equilibrium, the characterized strategy p needs to actu-

17



ally be an admissible strategy in the sense that p in S. Therefore, p(6,y) has to
be defined on the domain [0, 1] x [0, 1] and needs to be weakly increasing in y.
This is the case if and only if the inverse bid function é(y, p) is weakly increasing
in y and A(y, ) has image (0, 1] for every y € [0,1/2]. To complete the proof of
Proposition I show that there is no player ¢ and no type 6 that has a profitable
deviation from the characterized bid function. I split the proof into the three

following Lemmas and include their complete proofs in the appendix.

The common support of bids in the infinitesimal auction where ¢ bids for unit

y and j bids for unit 1 — y is given by [p, p] with p = min{p*(0,y),7’ (0,1 —y)}.

Lemma 5. Let p = min{p‘(0,y), 7’ (0,1 —y)}. There is no profitable deviation

above the common support of bids in the sense that

Pri(y, p'(0,y)) (5'(0,y) — ¢'(0,y)) > Pri(y,p)(p — '(0,y)) Yp>P.

Lemma [5| is proven using a revealed preference argument. For the proof it
needs to be shown that it is possible to define bids for units that are not relevant
such that there is no profitable deviation on the relevant units. A simple way
to do this is to make bids for units that are not relevant a continuous and flat
extension of the bids for relevant units. However, this is not the only possibility

as can be seen with the example below.

Lemma 6. Let p == min{p‘(0,y), 7’ (0,1 —y)}. There is no profitable deviation

within the common support of bids in the sense that

p'(0,y) € arg max Pr'(y,p)(p — ¢'(0,y))
P€E[p,pl

for every 0 € [0,1], for every relevant y and for every i.

Lemma [0] follows from a second order condition of profit maximization that is
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given by Wolfstetter (1996)).

Lemma 7. There is no profitable deviation below the common support of bids in

the sense that

Pri(y,5'(0,y)) (5'(0,y) — ¢'(0,y)) > Pri(y,p)(p — ¢'(0,y)) Vp<p.

Bidding p gives higher profit than bidding below p. Since p belongs to the
common support of bids Lemma [7] then follows from Lemma [} In conclusion,
there is no type 6 € [0, 1] that has a profitable deviation at any relevant y from
p(0,y) to some p € R. ]

One might presume that when marginal costs ¢ are monotonous in y the result-
ing bid function p also satisfies the monotonicity condition. However, monotonic-
ity of ¢ is not sufficient. An example where the equilibrium candidate p violates
monotonicity is included in the appendix. The work on first-price auctions by
Lebrun (1997) allows sufficient conditions on the cost function ¢ such that the

condition on the image is satisfied.

Since both of the properties required in Proposition [2| cannot be easily written
in terms of the marginal cost function ¢ a simple and useful approach is to check
whether the equilibrium candidate bid function satisfies the properties. As an ex-
ample where both properties hold as required consider the game with two players
and marginal cost function ¢(6,y) = o + 0 + 3yy — 2yyd with a > 0, § < 0 and
~v > 0. This is the class of linear marginal cost functions that results in linear
equilibrium bids. The equilibrium offer curve is p(6,y) = a+~v+ % B8O+ vy — yyb.
One example from this class is shown in Figure[2] A simple backwards-engineering
procedure to create examples of pay-as-bid auctions with equilibria in closed form

is to first think of an offer curve p such that p(1,y) is flat and then find ¢ by
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(a) Marginal costs (b) Bid functions

Figure 2: Equilibrium example

plugging into the following equation.

é(l - y7ﬁ<evy))
C(ev y) - ﬁ(ea y)

ép(l - y7ﬁ<97y)) =

This can be easily solved for ¢. The Picard-Lindelof theorem implies that for
any cost function satisfying Lipschitz continuity in the ODE a solution 6
exists. However, as usual with differential equations, a closed form expression
often does not exist and the researcher would have to use numerical methods to

derive equilibrium offer curves from a given cost function.

3.4 N > 2 players

In the case with more than two players the pay-as-bid auction cannot be easily
represented as a continuum of first-price-auctions and my results are considerably
weaker. In the case with two players the bid for unit ¥ made by player 1 competes
with the bid of player 2 for unit 1 — y. Now the bid for unit y of player 1
competes with the aggregate supply from all other players which is a more complex
function of offer curves. A natural approach to the locally optimal equilibrium is

to solve first-order conditions as in the case with two players. I state the resulting
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characterization in Proposition [3|

Proposition 3. In any symmetric locally optimal equilibrium of G with differen-

tiable strategies, the inverse bid function 6 has to satisfy

~ d
0= Pr(y,p) + (p —¢(6(y, p), y)) %Pr(y,p) (4)
with
1—y—(N=2)y(0,p) 1—y—(N—=3)y(0,p)—s1 1—y—y(0,p) -7 sv s
T ¥
y(0,p) y(0,p) y(0,p)
0(1—y— Z s;,0) I05%0, (55, p)dsn_s...dsadsy
(5)
N-2 1— 1—y—s 1—y—S N3k,
N — 9\ - y y—s1 y—>00 sy
+Z< P >9(g(0,p),p)k/ / /
= 0 0 0
6(1—y— Z 5j,D) H;VZEQ_kHy(sj,p)dsN_g_k...dszdsl.
j=1
Proof. The proof of Proposition [3|is included in the appendix. O

Note that Proposition [3| does not state equilibrium uniqueness. The order of
the cross-derivatives forbids potential applications of the Cauchy-Kovalevskaya
theorem. Additionally, the setting with more than two players allows different
initial conditions compared to the unique flat offer curve of type §* = 1 in the

setting with two players.

Most steps for equilibrium sufficiency of the above characterization work as in
the proof of Proposition [2 Lemmas [6] and [7] can also be applied in this setting.
However, the proof of Lemma [5| does not go through here and deviations to prices

above the support of bids for quantities y < 1/n need to be ruled out differently.
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Figure 3: Strategic ironing

Again, equilibrium examples can be backwards-engineered by thinking of some
offer curves p and solving the above characterization for c¢. I provide such an

equilibrium example in closed form with three players in the appendix.

4 Strategic ironing

Woodward (2016) postulates that in a class of equilibria players flatten their
bids for a range of units compared to the solution of first-order conditions. This
is termed strategic ironing. According to the definition of Woodward (2016) a
profile of equilibrium strategies exhibits strategic ironing when there is at least
one type that submits a bid function with a flat part at low quantities. Consider
a symmetric equilibrium candidate, where the most efficient type 6§ = 1 submits a
strictly increasing offer curve. This is depicted by the solid blue line in Figure
Assume that types # < 1 demand higher prices for each unit. Then the dashed red
line shows the most restrictive residual demand curve a player can face. This is
given by the mirrored offer curve of type # = 1. Every unit offered at a price in the
shaded red area is sold with probability Pr(y,p) = 1. Then, the blue offer curve
cannot be part of an equilibrium as the shaded red area leaves room to deviate
by slightly increasing bids for low units while still winning them with probability

one. This pattern motivates the analysis of flattened bids such as the dashed blue
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line where first-order conditions hold on average over the flattened part. Local
deviations at low units are eliminated by the monotonicity constraint on offer
curves. The new offer curve is flattened. This averaging of first-order conditions
dates back to Kastl (2012)). Note however that this also changes incentives for
the remaining part of the offer curve. The derivation of such equilibria is more
complicated and left for further research. To reflect the intuition that strategic
ironing is a flattening resulting in an equilibrium strategy that differs from the
solution to local first-order conditions I use a slightly different definition than

Woodward (2016)).

Definition 4 (Strategic ironing equilibrium). A Bayes-Nash equilibrium of the
pay-as-bid game G exhibits strategic ironing if there is a player i with a type
0 € [0,1] and an interval of relevant quantities [y,7] C [0,1] such that for all
units y € [y, 7] it holds that p'(6,y) is constant and does not locally mazimize

expected profit in the sense that

PO, y) & arg max Pri(y,p)(p — c(#,y)).

I have shown above that there can be a solution to local first-order conditions
such that the most efficient type submits a flat bid function. According to the
definition of Woodward (2016|) the resulting equilibrium would exhibit strategic
ironing but it does not according to my definition when bid functions locally
maximize profits at every infinitesimal unit. Bids are not flattened in the locally
optimal equilibrium. This supports the claim that bid flattening is less important

than postulated by Woodward (2016).

It follows immediately from the definitions that a given profile of strategies form-
ing a Bayes-Nash equilibrium cannot be at the same time locally optimal and

strategic ironing. A related finding that is not as trivial is given by Proposition
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Proposition 4. Fvery Bayes-Nash equilibrium of the pay-as-bid game G with
two players is either of the locally optimal form or of the strategic ironing form.
FEvery Bayes-Nash equilibrium of the pay-as-bid game G in differentiable strategies

is either of the locally optimal form or of the strategic ironing form.
Proof. The proof of Proposition [4|is included in the appendix. O

As discussed in section [3.3|the locally optimal equilibrium does not always exist.
Woodward (2016) shows that a Bayes-Nash equilibrium always exists. Together
with Proposition 4] this implies that a strategic ironing equilibrium has to exist
in those cases. To the best of my knowledge this is the first proof of existence of
the strategic ironing equilibrium. It remains unclear whether the two equilibrium

types could coexist for certain cost functions.

5 Welfare and Revenue

My characterization of equilibrium strategies in the pay-as-bid auction allows a
more profound analysis of mechanism choices in divisible good settings such as
electricity markets. To provide an example I compare procurement costs of the
pay-as-bid auction to the Vickrey auction in the linear setup from section
Note that the finding below only applies to this particular set of linear marginal

cost functions with linear equilibrium offer curves in a two-player setting.

Given that all mechanisms considered procure the same quantity of the good,
welfare differences arise only from differences in production costs that result from
the allocations. The VCG-mechanism can be applied to this setting in the form
of the Vickrey auction to minimize the production costs and thereby maximize

social welfare.
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Figure 4: Revenue of pay-as-bid and VCG

When interpreting the problem as a procurement auction the revenue of the auc-
tioneer is given by the negative of the payments to the players. For realized type
profile (#")"_; and equilibrium offer curves p the revenue of a pay-as-bid auction

assigning quantities ¢ is given by

, (U FE
R((0)) = - Z/O p(o', y)dy.
i=1

Exchanging p by ¢ in the above equation one receives social welfare. Consider
now again the setup with two players and the class of all linear marginal cost
functions that also result in linear offer curves. The marginal cost function is
c(0,y) = a+ B0+ 3yy — 2y with o > 0, 5 < 0 and v > 0. The unique locally
optimal equilibrium is given by p(6,y) = a + v + %50 + vy — yyf#. Note that
parameter « is irrelevant here as it identically shifts welfare and revenue in the
pay-as-bid auction and the Vickrey auction. Figure 4| compares expected revenue
of the pay-as-bid auction and the Vickrey auction for g € [—2, —1] and ~ € [1, 2]
while normalizing o« = 0. In this setting expected welfare of the Vickrey auction
is strictly higher than expected welfare of the pay-as-bid auction. However, using

the pay-as-bid auction, the designer achieves strictly higher expected revenue.
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This possibly explains that in practice designers favor the pay-as-bid auction.
Consequently, policy makers might consider an intervention in favor of the Vickrey

auction.

6 Conclusion

In this study I improve the understanding of pay-as-bid auctions in a setup in-
cluding private information about individual costs or valuations. In contrast to
existing literature I show that the equilibrium does not have to entail flatten-
ing of bids. Players can choose optimal offer curves by pointwise maximization
in the locally optimal equilibrium. 1 prove that there is a unique locally optimal
equilibrium in the setup with two players and characterize equilibrium strategies.
Existence of this equilibrium form can be easily checked, however, my analysis
does not give an existence condition in terms of the cost function. I discuss the
idea of strategic ironing equilibria introduced in the existing literature. I provide
a definition and prove that any Bayes-Nash equilibrium of the pay-as-bid auc-
tion has to take one of the two forms. Taking into account existing results on
the existence of Bayes-Nash equilibria, when the locally optimal equilibrium does
not exist, there has to be a strategic ironing equilibrium. However, it remains
unclear whether there are cases where both types of equilibria exist at the same
time. I give a first example of a closed form solution of a locally optimal Bayes-
Nash equilibrium in a pay-as-bid auction with private information. This solution
is directly given by the solution to the differential equation. In this example I
compare expected revenue and welfare of the pay-as-bid auction to the ex-post
efficient Vickrey auction. The results indicate that in practice auction designers
do not use the Vickrey auction because the pay-as-bid auction - and possibly
other auction formats - entails lower procurement costs. Equilibrium uniqueness

and low procurement costs incentivize designers to choose pay-as-bid in practice.
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However, the pay-as-bid auction is not optimal in terms of social welfare. This

could motivate social planners to intervene with the mechanism choice.
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Appendix

A Rationing rule

Consider a fixed realization of the type profile (Hj)évzl. When the inverse §* does
not exist the assigned quantity §° cannot be determined as in section . Suppose
player i offers quantity y at price p. That is, p(¢",y) = p. Ify > 1> 47 (¢7,p)
player ¢ is not assigned the infinitesimal unit y and ]li(y, p) = 0. Vice versa, if

y < 1=3,.,7(67,p) player i is assigned the infinitesimal unit y and 1°(y,p) = 1.

Now suppose 1 — >, 5 (07,p) <y < 1— 3., y/(¢,p). For given quantity
y and price p let L(y, p) be the set of players j with 37(p) < y. Let M(y,p) be the
set of players j with y/(p) <y and 7/ (p) > y. Let H(y,p) be the set of players j
with y7(p) > y. Player i is assigned unit y at price p if and only if 1'(y,p) =1

with

1'(y,p) = 11( Yo+ Myply+ D YY) < 1)-

JEL(Y,p)\i JEH(y,p)\i

Now I define the total quantity assigned to player i which is ' ((ﬁ"“)]kvzl, (9’“),@’:1)

Define the auxiliary quantity y* such that
> TO My A+ Y YE) =1
JEL(y*p) JEH(y*.P)

By continuity and by the definition of the clearing price there is always exactly
one y* that solves the above equation. Then ¢/ = 77 (p) for all j with 77(p) < y*
and ¢/ = y/(p) for all j with /(p) > y*. The total assigned quantity is 7’ = y*
for all j with y/(p) < y* <7 ().
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The given rationing rule ensures that quantities at the market clearing price are
distributed as equally as possible. At the same time it has the convenient property
that the probability player ¢ is assigned some unit y at price p does not depend
on what i bids for units other than y. Woodward (2016]) uses a different rationing

rule that is pro-rata at the margin[|

B Proof of Property

Note that within the domain D it holds that ép(y, p) < 0. Hence, the inverse p
exists. I begin by showing that (-, p) is Lipschitz continuous in the sense that it
possesses a Lipschitz constant Ly such that |0(y, p) — 0(y/, p)| < Lg|ly — /| within
the domain D.

0(y,p) )
Let z(y,p) = | _ and let f(z,vy',p) = c00-yp)1=y)=p | T ipschitz

. ~‘9(1_yvp)
0(1—y,p) Owp) ) —p

continuity of (-, p) is then proven by showing that within domain D it holds that
|lz(y,p) — (v, p)|| < Li|ly — ¢/|| for some L, € R. Using ODE in integral

form gives

||l’(y,p) - x(?/aP)H = ”x(yJ_?) - x<y,7]_9) + /pf(x(y7 S)7y7 S) - f(x(g/, S)7ylvs>d8|l‘

By the initial condition (2), [|z(y, p) —2(y/, p)|| = 0. Then, the triangle inequality

can be repeatedly applied.

le(y.p) — 24/, )] < / N @l 5) s 5) — £y ), o) ds

4The statement of the rationing rule by Woodward (2016) contains a slight flaw implying
that the assigned quantities do generally not sum up to the total quantity. However, this could
be fixed easily to receive rationing pro-rata at the margin if desired.
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< / 1 ey ),9.5) — Faly, 5),o/ )]s

p
+/ ”f(x(ya S)uylvs) - f(x(y,78)7y,78)||d8
P
Lipschitz continuity of ¢ implies that f has Lipschitz constants L, Ly such that

4 P
Loy, p) — (/)| < / Lilly - o/ds + / Lollz(y, s) — 2(y/, 5)|ds

p p

P
~Lilly = ¢~ p)+ [ Lallaty.s) ~ o' 5)ds
p

Applying the integral form of Gronwall’s inequality gives

Joly:p) — 2/ < Lily = /o~ plesp( | Lads)

= Lilly = ¢/ll(p — p)e™2).

Taking L, = L1(c(0, %) — p)eLz(c(O’%)_B) completes the proof of Lipschitz continuity
of é()p)

I continue to show that p(0,-) is Lipschitz continuous in the sense that it pos-
sesses a Lipschitz constant L, such that |p(0,y) —p(0,y')| < L,y —y'| within the
domain D. Note that p(+,y) is Lipschitz continuous with some Lipschitz constant
L3 because é(y, -) is continuously differentiable with ép < 0 and domain D is

bounded.

16(0,y) — B0, y')| = B0, y) — B(O(y,5(6,9)). y)
< Ls|0 — 0y, 5(60,4))]
= Lsl0(y', 5(6,9/)) — 6y, 5(6,1/))]
< LaLoly — ¢/
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All the function values used above are well defined by the characterization in

Proposition (1| when ¢ is sufficiently close to y.

C Proof of Lemma [1

This is a version of Proposition 3 by Maskin and Riley (2000). Consider the
infinitesimal auction where i’s bid for unit y competes with j’s bid for unit 1 — y.

Let p be the supremum of the support of the distribution of winning bids:

o= sup min(7(¢,). 981~ )}

A bidder bidding below p must have strictly positive expected payoff from the
infinitesimal unit. Her probability of winning the unit is strictly positive and if
her payoff was negative or zero a profitable deviation would be to slightly increase
the bid. In line with Maskin and Riley (2000), the next step is to show that
the c.d.f. of winning bids is continuous at all p < p. A discontinuity at some p
would imply that at least one player bids p with positive probability. Suppose
both players bid p with positive probability. A profitable deviation for at least
one player (depending on the tie-breaking rule) would be to bid slightly less than
p instead. Suppose only player ¢ bids p with positive probability. Then, the
support of bids by player j has to have a gap on some interval [p, p*]. Suppose
not. With a bid slightly above p player 7 makes positive profit as shown in the
beginning. Due to the discontinuity in the probability of winning the unit, it is a
profitable deviation for j to bid slightly below p. However, bidding p with positive
probability is then not optimal for ¢. It is a profitable deviation to bid p* instead.
Maskin and Riley (2000) then show that the support has no gaps. Suppose for
a contradiction that no player bids in the interval (p’,p") C [p,p] with positive
probability. Because of the above, the probability of winning the infinitesimal

unit with the bids p’ and p” is the same. Then, it is a profitable deviation to bid
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p” instead of bidding p’ or sufficiently close to p’. Furthermore, the support of
7'(+) cannot have a gap for one player only because then it would not be optimal
for the other player to bid in the interior of the gap. Thus, the probabilities of

winning the unit, Pri(y,-) and Pr/(1 — y, ), are continuous functions.

D Proof of Lemma

I begin by showing that p’(-,y) is a weakly decreasing function. This is a version
of Proposition 1 by Maskin and Riley (2000). Let p’ = p*(¢’,y). Recall that the
density of the private information parameter #7 € [0,1] is one. As p’ is a best

response of player i with type 6" it holds for any p” > p’ that

/ (0" —c(t,y))de’ > / (p" — (0, y))dd’.
ﬁj(ejvl—y)ZP/ Iﬁj(mvl—y)ZP”

Weak monotonicity then follows, as

d

0" J5i(05,1—y)>p'

(p' = c(t,y))do’ > % / | (p" — (0, y))de’.
P (07,1-y)>p”

It is never optimal for a type 8” > 6’ to bid above p’. The above inequality can

be written as

/ —co(0',)do? > / —co(0',)do?.
P (07,1-y)2p' P (07, 1—y)2p"

By the properties of the cost function, —cy is positive everywhere. The probability
of winning with p’ must be strictly larger than the probability of winning with p”.
Otherwise it would not be optimal to bid p’ for type #’. The statement then holds
by the finding of Lemma [I] Combining the result with the continuity argument
from Lemma [I| gives strict monotonicity. As the distribution of bids has no mass

points in relevant regions it holds that 6” > ¢ implies that p*(6”,y) < p'(¢',y).
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The inverse éi(y, -) exists. Note that the proof of weak monotonicity also goes

through for N > 2 by adjusting the notation of integration.

E Proof of Lemma [3

This is a version of Lemma 7 by Maskin and Riley (2003). By the definition of
the locally optimal equilibrium and the finding of Lemma [2] an equilibrium bid

function p'(+) has to satisfy the following for all relevant units.

P'(0,y) = arg max (1 —y,p)(p — c(0,y))

= arg max log(67(1 —y,p)) + log(p — c(6,y))

Consider any p such that 9~j(1 —y,p) € (0,1]. T show that in any locally optimal
equilibrium diplog(éj (1 —y,p)) exists and is continuous at p = p. In the following
I show right-continuity. The proof of left-continuity is analogous. As shown
above, 07(1—y,-) and 0'(y, -) are strictly decreasing and continuous. For a strictly
decreasing sequence {p;};°, converging to p the sequence {67(y, D) }i2, converges
to éz(y, p) monotonically from below. Because p; is optimal for player ¢ with type

0"(y,p;) it holds that

log(67 (1 —y, ) +1og(p—c(0'(y,pe),y)) < log(0?(1—y,pr)) +1log(pi— (6 (y, py)))
and

log(67(1 — y, pt)) — leg(éj(l —y.9)) , loglp = (0 (y, 1), y)) = log(ps — c(0'(y. p1). v))

bt —Pp bt —Pp

(6)

Because p is optimal for a player with type éi(y, p) it holds that
log(0” (1 —y, p))+1log(p— c(0'(y, p),y)) = log(6” (1 -y, py)) +log(p: — c(0"(y, ), y))
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and

log(?# (1 — y, ) = log(0*(1 — y.p)) _ log(p — c(0'(y.5).y)) — log(p — (6" (y, D). v))

pe—D - pe—p
(7)
Now let p; converge to p. The left-hand side of equations @ and is then
equal to [diplog(éj(l - y,p))]p:ﬁ. The right-hand side of equations (6) and

then implies that this exists and is given by

d _
—log(p — c(6"(y, p), = — :

This is a continuous function. Hence, in any locally optimal equilibrium it has to
hold that _
(1 -y, p) 1

0/(1—y,p) p—c(0(y,p),y)
for any relevant unit y. This is equivalent to ODE ({l). The same differential
equation can be derived using first-order conditions of profit maximization at

every infinitesimal unit.

F Proof of Lemma 4

I show in the first step that the offer curve for § = 1 has to be flat in the sense
that there exists some p such that g <y, Q) = 1 for every i and every y € (0,1).
Suppose this is not the case. Then, there is an infinitesimal unit ¢ > 0 and a
player i with type #° = 1 that can increase her bid to some p’ > p‘(1,¢) while
maintaining Pri(e,p’) = 1. This deviation would strictly increase profits. For an

illustration Figure [3]in section [ is useful.

Now I show that in any locally optimal equilibrium p = fol c(0,3)df. Tt has
to hold that p'(0,1/2) = p*(0,1/2) = ¢(0,1/2). Suppose for a contradiction that
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there is a player i with p°(0,1/2) > ¢(0,1/2). Then player j # i can profit from
deviating by slightly undercutting p*(0,1/2). Now suppose that there is a player
i with p*(0,1/2) < ¢(0,1/2). Then, there is at least one player that makes losses
at y = 1/2 for types close to § = 0. A profitable deviation is to increase the bids
for these types.

Consider at y = % and since y is fixed drop it from the notation of all func-
tions. By the local Picard-Lindel6f theorem this system with initial condition
07(¢(0,1/2)) = 0 derived above has a unique solution. As the indices in can
be freely exchanged the unique solution has to be symmetric and I can write the

system as the single equation .

This is then an exact differential equation with potential function

0
O(p,0) = /0 c(t)dt — ph.

The exact differential equation is handled by rearranging equation ({8).

This can be written as a derivative of the function ®(p,f(p)). Let ®, and @4 be

the partial derivatives of ® with respect to the first and second argument.
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With an initial condition (po,6p) this implicitly defines the solution 6(-). From
the initial condition stated above take (pg,6y) = (¢(0,1/2),0) and plug in to get
®(po, p) = 0. The solution to is then implicitly defined by

d(p,0(p)) = 0.

Plugging in, this is equivalent to

0(p) -
/0 c(t)dt —pb(p) = 0.

This is then finally solved for p by plugging in p = p and 67(]_)) =1

G Proof of Lemma 5l

To prove Lemma I first prove a useful property (Property |3)) of p that results
from the equilibrium characterization. Let y < % For any 6 € (0, 1] it holds that
p(0,y) < p(0,1—1y). I have shown above that p(-,y) is strictly decreasing. Then I
can provide the desired proof by showing that é(y,p) < 5(1 —y,p) at p=p(0,y).
At the initial condition é(y,]z) =0(1— y,p) = 1. Note that

~ 1 1

WO = Ty = S Ly —p

=0,(1—y,p).

Now suppose for a contradiction that é(y, p) > 0~(1 — y,p) for some price larger
than p. Let p* be the infimum of all such prices. By continuity it must then hold
that 9~(y, p*) = é(l —y,p*). By the properties of the cost function it holds again
that

5 0y, p*) 0(1 —y,p*)

Op(y, ") = —= . =0,(1—y,p*).
’ O —y,p), 1 —y) —p* @y, p),y) —p*
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Note that 6 is differentiable. The above then implies that (y, p) > (1 —y, p) for
some p € (p,p*) which contradicts the definition of p* and completes the proof of

the auxiliary property.

1
2

Now proceed with the proof of Lemma . For y > - the Lemma follows from
Pri(y,p) = 0 and the fact that the profits from the characterized bids are non-
negative. This is proven in the proof of Lemma . Consider now y < % Bids for
units that are not relevant are not characterized in Proposition [I|but are important
for players considering deviations from the characterized equilibrium strategies.
It has to be shown that there exists an admissible extension of the characterized
equilibrium bid functions to irrelevant units such that there exists no profitable
deviation from the bids for relevant units. For a given type 6 the set of irrelevant
units is the set of units y > y* with y* defined by p(0,y*) = limy_op(t,1 — y*).
For irrelevant units y > y* I use the bid function p(0,y) = p(0,y*). The bid

function is just a flat extension of the bid function for relevant units. Note that

then expected profits are everywhere continuous in the bid.

The expected profit from the equilibrium bid for player i for a given unit y < %

is 7(p) = #7(1 —y,p)(p — ¢(6,y)) > 0. Deviating to some p’ > p(0, 3) is not

profitable because then Pr(y,p’) = 0. It remains to be shown that deviating to
P € (5(0,y),p(0,3)) is not profitable. Consider such a p’. There exists a corre-
sponding unit ¢’ € (y, %) such that p(0,y’) = p’. Note that lz'mp/p/ép(l -y, p)(p—
¢(0,4/)) +60(1 — 1/, p) = 0. The first-order condition of local profit maximization
for type # = 0 holds at 3’. Now compare this to the profit function at unit y
when deviating to p’ > p. Because bids for irrelevant units are flat it holds that
é(l —y,p) = 5(1 —y,p'). By the properties of the cost function it holds that
p —c(0,y) >p —c(0,y). The markup at y is higher than the markup at 3" and

the player has more to loose. Finally, because bids for irrelevant units are flat

37



it holds that ép(l —y,p) < ép(l —y,p'). At y the probability of winning the
infinitesimal auction decreases more strongly in the bid compared to y’ for bids
around p’. In conclusion, for all p’ € (5(0,y),5(0, 5)) expected profits are strictly
decreasing in the bid. Combining with continuity of the expected profit function

this yields that deviating to such a p’ would strictly decrease expected profits.

H Proof of Lemma

The necessary condition for this is given by the system of ordinary differential
equations (/1)) with initial condition . A sufficient condition is given by Wolfstet-
ter (1996)) for single-unit auctions, which can be readily applied to all infinitesimal

units in my setup as follows.

Let ()7L, be the strategies characterized by (I) and (2) and let Pr'(y,p) be the
winning probability function of player ¢ following from (p7),.;. Consider player i
with type 6° who optimally chooses a bid for unit . The expected utility from
that unit when bidding p is

EUY(0",y,p) = Pr'(y,p)(p — c(0",))-
The characterized p satisfies
U0y 5(0".9)) = Pri (. 56", 9)) (7' (6" ) — e(0'.)) + Pr' (4.5 (6'.)) = 0.

The proof is completed by showing that EU.(6",y,p) > 0 for p < p'(¢’,y) and
EU(0",y,p) <0 for p > p*(#",y). Differentiate EU(#",y,p) with respect to 6’ to
get

EUji, = —Pri(y,p)co(6',y) < 0.
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Let p < p < p'(¢,y). Let 0 be the type with p'(d,y) = p. Then it holds that
6 > 6. Combining all the above yields

EU0",y,p) > EU(,y,p) = 0.

The proof works analogously for p > p'(6°, y).

I Proof of Lemma [T

Bidding strictly below p gives zero expected profit. Bidding according to the
characterized equilibrium strategies gives nonnegative expected profit. This is
because a solution (67)2; to (I) and (2) satisfies c(6(y,p),y) < p for any p € [p, ).
To see this, note first that at the initial condition it holds that c(éi(y, P), y) <p.
Even though y = 1 is not relevant, by monotonicity of the cost function, expected
profits are nonnegative for all types and all relevant units if and only if expected
profits are non-negative for # = 1 and y = 1 at the initial value. This is the case
if and only if ¢(1,1) < p which has to hold because otherwise the condition on
the image would be violated. Suppose now that c(éi(y, D), y) < p is violated for
some p’ € (p,p). By continuity this implies the existence of a p” € (p,p'] such
that c(éi(y,p” ), y) = p”. This violates Lipschitz continuity of the ODE and the

respective unit cannot be relevant.

J Proof of Proposition

First, note that the symmetry of strategies implies that Pr? is symmetric and can
simply be denoted by Pr. Lemma (3| can be applied to show that Pr(y,-) has
to be differentiable and has to satisfy (). I continue with the derivation of the
expression for Pr(y,p). Note that monotonicity of 6(y, -) holds by the proof of

Lemma 2] Differentiability implies that Pr is continuous. Therefore, ties have
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probability zero and I can write by using density one for § and by consecutively

applying integration by substitution with 67 = 6(s;, p) that

0(1—y—(N—-2)y(0,p),p) O(1—y—(N-3)y(0,p)—y(6*,p),p) 0(1—y—>"N52 y(67,p).p)
Prtyp) = | / -
0 0 0

1doN~1 ... do* db*
/5(131(1\72)9(0710),17) /5(13,1(1\73)1,/(047)3/(91 p);p) /5(1934(0710)2?13 y(67.p),p)
0

0 0
3 N-2
01—y —> y(0",p),p)do~ > ...d6" db’
j=1
/1—y—(N—2)y( D) /1—y—(N—3)y(07p)—81 /1—y—y(0,p)—2§-v_1381v—3
y(0,p) y(0,p) y(0,p)
9(1 —y — Z sj,p) H;-V:—126y(8j7p)dSN_Q...d52d81
j=1
N-2 1— 1—y—s1 T—y—Y N3k,
N _ 2 - Yy ) ) j=1 J
0(y(0 F
+Z< i ) (y(0,p), p) /0 /0 /0
k=1
0(1 —y— Z sj,p) H?;Q*kﬁy(sj,p)dsN_Q_k...dSstl.
j=1

K Proof of Proposition

Suppose that (p')Y, form a Bayes-Nash equilibrium of G that is not locally optimal
and not strategic ironing. Begin with an auxiliary result for the main argument

of this proof.

Lemma K.1. For every i, every 6' € [0,1] and almost every relevant y € [0, 1],
pY(0",y) is a local mazimizer of expected utility in the sense that there erists an

e > 0 such that

p'(0',y) €arg  max  Pri(y,p)(p—c(6',y)).
pe(p(0%,y)—e,pt(0%,y)+¢)
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Proof. Suppose for a contradiction that there is an i and a 6’ with a set J' C )"
of nonzero measure where p'(6%,y) is not a local maximizer for y € )*. Since )’
has nonzero measure, by Lebesgue’s density theorem, I can find some relevant
units y* and y** with 0 < y* < y** < 1 such that the density of )" in [y*, y*'] is

arbitrarily close to one where the density is defined as

(Y Ny, y™])
1(ly*, y=+])

with p being the corresponding Lebesgue measure. Now define the two sets Vg

and YVp. To shorten notation I write EU(y,p) = Pr'(y,p)(p — (6", v)).
Yy ={y eV |3 >0:EU (y,p) > EU (y,p'(0",y))Vp € (5'(0",y), 5" (0", y) + <]}

Vo ={y€Y|3e>0:EUy,p) > EU(y, 70", y))¥p € (576", y) — £, 7 (6", )]}

Note that Yy U Y, = XZ Suppose there is an element yq of XZ that is not an
element of either Vg or V. Then, to be an element of zl the function EU* would
need to be discontinuous in p everywhere in a neighborhood of p*(6?, 3,) such that
it jumps above and weakly below EU*(yo, p'(6%,90)) as p changes. This is not
possible because Pr® can only jump downwards as p increases but not upwards.
Having established Yy UY), = ZZ implies that at least one of the two sets needs to
have nonzero measure. Suppose Yy has nonzero measure. Again by Lebesgue’s
density theorem, I can find some relevant units ¢ and y” with y* <y’ < 9" < y**
such that the density of Yy in [v/,y"] is arbitrarily close to 1. Now define ¢ as

follows.

e = inf{e| EU'(y,p) > EU'(y,p'(6",y))Vp € (5'(¢",y), p' (0", y)+e] Vy € [y, "1V}

Then I get a contradiction because (p')2; cannot be a Bayes-Nash equilibrium.

A profitable deviation would be for i to bid min{p(6",y"),p'(¢*,y') + g} for all
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y € [y, y"] with p*(6",y) < p'(6",9') + &. The contradiction can be analogously

shown when ); has nonzero measure. O

The proof of Lemma |§| now shows that strategies (p°), are actually global

maximizers and therefore form a locally optimal equilibrium which is a contradic-
tion. To apply Lemmal[6]in the case with N > 2 I need the additional assumption
of differentiability. With N = 2 differentiability follows from the proof of Lemma
Bl Proposition [ then follows as a corollary of Lemma [K.1]

L Monotonicity of ¢ and p

Consider some 0 <y < 3y < % with marginal costs as below.

6
D)= —— 9
0y =150 138

c0,y)y=14-10
c(0,1—y")=17-1.20
c(0,1 —y) =0.6(2—0)>

Note that ¢(0,y) < c(0,y') < c(0,1 —9y'") < (0,1 —y) for any 6 € [0,1]. Marginal
costs satisfy the monotonicity condition. Consider now the equilibrium candidate

given below.

B 3
1.20+1.8

p(6,y)
5(0,y) =1.5—0.50
0,1 —1y')=1.6—0.60

ﬁ(eal_y):2_9
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Note that for # < 0.5 it holds that p(6,y) > p(6,y’). Monotonicity is violated in

this example. Hence, the above is not an equilibrium as p is not a valid strategy.

M Equilibrium example with three players

I take the offer curves p(0,y) = 2 + % and plug into the characterization from
Proposition [3] to verify whether they can supported as an equilibrium for some

cost function. It follows that

1 1
Pr(y,p) = 1(p < 2.5) <§p2 + 2% + §p2y2 — 4p + 3yp? + 16y — 1dpy — 2py® + 7)

+ Il(p > 2-5)(—%(2@ —p—py+3°+Ry—p—py+3)2—3+y)p—2))

+ %(Qp - 5)2).

Then, the marginal cost function that gives rise to the above offer curves is given

by
Pr(y,p(0,y))
Pry(y,p(0,y))

Figure |5| depicts offer curves and marginal costs. Note that the region where

c(0,y) = p(0,y) +

bids are higher than marginal costs is the region of irrelevant units where bids

are accepted with probability zero. The only remaining condition for equilibrium

1.0 1.0

Figure 5: Offe urves and marginal costs

43



sufficiency of the above offer curve is to rule out profitable deviations to prices
above the support of bids for quantities y < 1/3. By the argument from the proof
of Lemma [6] it is sufficient to rule out such deviations for type § = 0. Figure
[6] shows profits of type # = 0 from possible deviations. Prices above 2.6 do not
need to be considered because p(0,1/3) = 2.6. When offer curves in the irrelevant
regions are assumed to be flat, bidding above 2.6 gives zero profit. The red line in

Figure |§| indicates the profit from bidding p(0,y). Deviations are not profitable.

Figure 6: Profit of # = 0 from deviating.
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