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Abstract

During the period when interest rates were constrained at the effective lower
bound, central banks relied on balance sheet expansions to set the stance of
monetary policy. But in the long-run, when rates are away from their lower-
bound, these balance sheet policies are not needed to provide stimulus. This
paper asks: what is the socially optimal size for the central bank balance sheet
in the long-run? I introduce a central bank into a simple endowment economy
model in which banks are liquidity mismatched and prone to sudden "bank
runs". In this framework, the long-run provision of central bank reserves can
reduce the likelihood of bank runs, at the cost of crowding out more productive
investments. I calibrate the model to conditions before the financial crisis, and
demonstrate that the model can reproduce important non-linearities in the
data on the demand curve for reserves, as reserve supply moves from scarce
to abundant. I compute the socially optimal size of the central bank and find
that it is optimal for the central bank to expand supply of reserves almost to
the point where their marginal liquidity benefit is zero, and reserve demand is
satiated, but no further.
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1 Introduction

After the great financial crisis, central banks around the world underwent a massive,
and unprecedented expansion. In the UK, the Bank of England balance sheet grew
from roughly 5% of GDP to over 40% at its peak. The Federal Reserve, the ECB,
and other central banks followed similar paths. This shift was a consequence of
policies like quantitative easing (QE) and other liquidity interventions in which central
banks purchased large volumes of assets from the private sector to provide emergency
stimulus while interest rates were constrained at their effective lower bound (ELB).
These purchases were largely financed by the creation of new central bank liabilities in
the form of reserves. As short-term rates exit the ELB, the volume and composition
of assets held on the central bank balance sheet are no longer dictated by the need
for these ‘unconventional’ stimulus policies. In light of this, central banks have now
begun to shrink their balance sheets, either through active asset sales or by allowing
asset portfolios to mature. Since these programmes began, the sizes of central bank
balance sheets have already fallen significantly (see Figure 1). The Fed, the ECB, and
the Bank of England have indicated they do not intend to return to the ‘lean’ balance
sheet regime of before the crisis, in which reserves were scarcely supplied in excess
of regulatory minima. In 2024, these central banks indicated that they intend to
normalise their balance sheets in a way that continues to ensure demand for reserves
is satiated.1 But despite an intense policy debate, the existing economic literature on
central bank asset purchases and other balance sheet policies has said relatively little
about how central banks should choose the size of their balance sheets, or whether
the course being taken is optimal.

Against this backdrop this paper asks: what size of central bank balance sheet is
optimal in the long run, or ‘steady state’? When interest rates are above their lower
bound, and the central bank balance sheet is not needed as an active policy tool to
stabilise the economy, what size of central bank balance sheet would a social planner
choose in order to maximise welfare? A larger central bank balance sheet implies a
greater supply of central bank reserves. These central bank reserves are the most
liquid asset available in the economy, providing banks with a near-frictionless means

1Federal Reserve - May 1, 2024; ECB - March 14, 2024; Bank of England - May 21, 2024
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Figure 1: Central Bank Assets as a Percentage of GDP. Source: FRED, ECB, Bank
of England

of payment, and a perfect store of nominal value. At the heart of my analysis are the
welfare benefits and costs of supplying the financial sector with these uniquely liquid
assets. My research question can therefore be restated: what is the socially optimal
long-run provision of central bank reserves?

To answer this question, I embed a central bank which supplies reserves in a model
of a simple endowment economy in which banks are exposed to bank runs as a result
of a liquidity mismatch between their assets and liabilities, similar to Gertler and
Kiyotaki (2015) (GK15 hereafter). In these models, stylised bank runs exist as an
additional rational expectations equilibrium of this model, which emerge as a ‘sunspot’,
whenever the banking sector is sufficiently fragile. In this framework, I demonstrate
that central bank reserve supply in steady state can affect social welfare, without
assuming that any of the agents inherently value liquidity services in their utility
functions. Instead, reserves affect welfare through their impact on the likelihood of
costly bank runs arising. At the margin, more central bank reserves mean private
banks hold a greater quantity of liquid assets, making it easier for bankers to pay
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depositors in the event of a run and so, less likely that runs occur.

In addition to this benefit, I explicitly model the costs of operating a larger central
bank. I assume some capital mis-allocation occurs when the central bank (rather than
the private financial sector) intermediates assets, as more profitable investments are
crowded out. So, operating a larger central bank implies a positive marginal cost to
society.

The key contribution of this work is to find a unique, interior solution2 to the
problem of finding the optimal size of the central bank balance sheet in steady state.
My results satisfy the logic of a Friedman rule: the optimal balance sheet sets the
marginal social benefit of supplying reserves equal to its marginal cost. However,
unlike in Friedman’s original formulation, the marginal social cost of expanding supply
in my framework is not zero. As a result, a well-defined optimum level of reserves
exists, beyond which supplying additional liquidity is inefficient. Existing studies
which analyse the welfare implications of the size of the (long-run) central bank balance
sheet find corner solutions (Eren, Jackson, and Lombardo 2024; Arce et al. 2020).

In section 2, I derive the model.

In section 3, I develop a method to compute the social welfare function of this
model by finding expressions for expected steady state utility in this model, accounting
for the indeterminacy of the equilibrium due to the possibility of bank runs as sunspot
equilibria, and introducing aggregate uncertainty to the steady state. I show that
the central bank balance sheet policy acts on welfare by reducing the likelihood and
severity of bank runs.

In section 4, I find the full non-linear solution to my model and show that the
model can reproduce important non-linearities in the data on reserve demand as
reserve supply moves from scarce to abundant. I calculate the optimal size of the
central bank balance sheet and find that the optimal balance sheet falls close to the
point of reserve satiation, where the marginal benefit is close to zero. Households
prefer to expand the central bank and forgo steady state consumption in order to
reduce the risk of financial panics, up to the point where the risk of bank runs is

2That is, the optimal size for central bank in steady state is neither zero, nor is it to hold the
entire available supply of eligible assets.
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almost entirely eliminated. These results therefore support the case for maintaining
‘ample’ reserve supply regimes, which keep reserve supply at or close to the point of
satiating demand but not above. In fact, in my framework, even when the marginal
cost of operating the central bank is very small, it is not optimal to set steady state
supply of reserves in excess of this satiation point. Section 5 discusses the policy
implications of these results in more detail.

Related Literature. My paper relates most closely to a new literature on the
optimal size of the central bank balance sheet in steady state. Rather than studying
central bank balance sheet policies as tools for stabilisation at the ELB (which has
been explored in a vast body of literature), the objective of this field of research is
to determine what kind of regime the central bank should operate in the long-run.
Afonso et al. (2023) show that the supply of central bank reserves which maximises
the central bank’s control over interest rates in the interbank market is greater when
reserve demand is uncertain. Kumhof and Salgado-Moreno (2024) study the effects
of long-run reserve supply on a range of macro-variables and show that central bank
balance sheet policy can affect equilibrium interest rates, lending, and GDP. But in
contrast to this paper, these works do not study the welfare implications of long-run
balance sheet policy.

Vissing-Jørgensen (2023) empirically estimates the supply of reserves which max-
imises the total surplus created by the availability of very liquid assets (“convenience”)
for the ECB and the Fed. The paper emphasises that optimal quantity of reserves
depends on both the marginal convenience of both reserves, and the assets purchased
by the central bank, implying that the optimal size of the central bank depends on its
asset portfolio. Whereas that work assumes reserves have some convenience benefits
that agents value, in this paper, I develop a micro-foundation for these benefits by
considering how reserves can mitigate the risk of liquidity panics. My theoretical
results are able to match empirical findings of strong non-linearities in demand for
reserves, which is satiated beyond some endogenous level (Afonso, Duffie, et al. 2022;
Lopez-Salido and Vissing-Jorgensen 2023; Borio 2023). This non-linearity emerges
endogenously in my framework because the marginal benefit of reserves is decreasing,
and falls to zero when banks already hold an ample supply.
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Other theoretical welfare studies of long-run central bank balance sheet policy
have found corner solutions for the optimal size of the central bank. Eren, Jackson,
and Lombardo (2024) study this question in a canonical New Keynesian model with
financial frictions and a rich set of financial assets. In addition, they study how the
size of the central bank balance sheet affects the efficacy of monetary policy. Arce et
al. (2020) compare the welfare and stabilisation properties of a large balance sheet
regimes against the pre-crisis lean balance sheet in New Keynesian framework with an
interbank market. In both of these frameworks, reserves alleviate financial frictions.
As a result, steady-state welfare is monotonically increasing in the size of the central
bank, implying that the problem of characterising the ‘optimal’ size for the steady
state balance sheet is a corner solution: at empirically relevant calibrations, it is
optimal for the central bank to hold the entire stock of eligible assets, and provide
an abundant supply of reserves (in which reserves are supplied beyond the point of
satiating demand for reserves). In contrast to these papers, the welfare effects of larger
balance sheets need not be monotonic in my model. As a result, the optimal size of
central bank balance sheet is an interior solution: at the optimum, the central bank
holds a non-zero fraction of assets, but does not hold the maximum eligible amount.

In-line with existing literature, I assume some capital mis-allocation occurs when
the central bank expands the supply of risk-free assets and intermediates risky financial
assets. As the footprint of the central bank expands, a crowding out effect occurs.
Although this cost takes a reduced form in my framework, existing literature on
the optimal quantity of public debt can provide micro-foundations for this kind of
‘crowding out’ effect (Aiyagari and McGrattan 1998; Angeletos, Collard, and Dellas
2023).

The modelling strategy of this paper is based on recent research combining the
incentive compatibility-based approach to financial frictions (Kiyotaki and Moore 1997;
Gertler and Kiyotaki 2010; Gertler and Karadi 2011) with the possibility of financial
panics (‘bank runs’), led by Gertler and Kiyotaki (2015) and extended in Gertler,
Kiyotaki and Prestipino (2016, 2020). In the spirit of Diamond and Dybvig (1983),
these models capture the inherent susceptibility to bank runs of leveraged financial
institutions, such as banks and shadow banks, which issue short-term liabilities
and invest in more illiquid long-term assets. In these models, bank runs emerge as
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possible ‘sunspot’ equilibria. As a result, this class of model allows for endogenous,
micro-founded financial crises to arise, without recourse to productivity shocks.3

I contribute to this field of research by developing a method to derive a steady-state
welfare function for this class of model, in the case where a bank run equilibrium exists
as a sunspot. I show that expected steady state utility depends on the endogenous
probability of runs arising, and the severity of the outcomes which occur in those
runs. Expected utility must therefore account for multiple possible equilibrium
paths, including the possibility of recurrent runs, even in the absence of exogenous
shocks. Previous papers have largely focussed on steady states where the endogenous
probability of a run is negligible in steady state.

Finally, I note two areas that have received significant attention already, and
which are beyond the scope of my paper. First, I do not consider the effect of
supplying reserves on the implementation of monetary policy, and overnight interest
rate volatility.4 Equally, my framework abstracts from the implications of central
bank balance sheet risk, or its implications for central bank independence from the
fiscal authority.5

2 Model

Why Bank Runs? Before deriving the model, it is helpful to consider why consid-
ering systemic bank runs is important for assessing the welfare implications of the
central bank balance sheet.

As noted above, central bank reserves are special insofar as they provide the
private financial sector with instant liquidity. In order to model how this liquidity
service has consequences for social welfare as a whole, the model must capture how an
undersupply of private liquidity can create a negative externality. Bank runs arise due

3For a complementary account of endogenous financial crises, emphasising the fragility of financial
markets (rather than intermediaries) see Boissay et al. (2021).

4For a recent summary of this topic and it’s interaction with different balance sheet regimes, see
Borio (2023) and Schnabel (2023).

5Hall and Reis (2015) and Del Negro and Sims (2015) consider the risk that central banks become
insolvent as a result of losses on their expanded asset portfolios, and the implications of such risks
for inflation, monetary policy, and the relationship between the central bank and the fiscal authority.
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to an inherent fragility in the business models of banks and which lead to contractions
in lending, output and consumption. As such, they are a clear example of such an
externality. Central bank reserve policy is crucial to determining system-wide liquidity,
and vulnerability to runs, because banks need reserves to meet short-term liquidity
outflows. This makes a model of bank runs a natural setting to study the welfare
implications of reserve supply.

The model in this paper develops on the endowment economy model in GK15 with a
banking sector that is exposed to bank runs. I augment their framework with a central
bank that supplies reserves in exchange for capital. Commercial banks are identical to
those in GK15, except for two differences. First, in my model, banks hold central bank
reserves in addition to capital assets. Second, I assume bankers are members of the
representative household (rather than independent agents). This assumption implies
that aggregate welfare is simply the expected utility of the representative household,
which simplifies normative analysis.

As in GK15, regular household members are less efficient than bankers at managing
capital. This difference in efficiency will drive a liquidity mismatch: households will
not in general wish to purchase bank assets at the same price as the bank, because
those assets are less productive in their hands. As a result, if the bank experiences
a run and needs to sell assets, it cannot liquidate the assets on its balance sheet at
their normal market value. If this liquidation price is sufficiently low, even a solvent
bank can go bankrupt in the event of a run and fail to repay depositors. When banks
are sufficiently liquidity mismatched, this model will have two rational expectations
equilibria: a ‘normal times’ equilibrium and a ‘bank run’ equilibrium.

The central bank supplies reserves by purchasing assets from financial intermedi-
aries. Like households, the central bank is also inefficient at managing capital. This
means that greater reserve supply comes at the opportunity cost of a more efficient
allocation of assets. I will show that the introduction of a central bank which sets
long-run reserve supply affects with the key mechanism in the model determining the
likelihood and severity of bank runs: the liquidity mismatch on commercial banks
balance sheet.

There are two goods determined by the market allocation: a non-durable con-
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sumption good and capital. The level of reserves is set exogenously by the central
bank.

2.1 Capital

The stock of capital is durable, and does not depreciate. Households, banks and the
central bank can all hold capital, and their total capital holdings equals the supply,
normalised to 1.

1 = Kb
t +Kcb

t +Kh
t (1)

where Kb
t , Kcb

t and Kh
t are the capital holdings of banks, the central bank and

households, respectively.

When banks intermediate capital at period t, they retain their original capital
(with no depreciation) and earn an income of Zt+1K

b
t in the following period, t+ 1,

where Zt is an aggregate productivity shock:

Kb
t →


Zt+1K

b
t output

Kb
t capital

(2)

Households and central banks are less efficient than banks at intermediating capital.
Formally, when these agents hold capital at time t, they pay an upfront ‘management
cost’ fi(Ki) in that period, before the return is realised at t+ 1:

Ki
t capital

fi(Ki
t) goods

 →


Zt+1K

i
t output

Ki
t capital

(3)

In the case of households, these management costs are intended to reflect the fact
that commercial banks have special expertise, relative to households, in allocating and
monitoring their investments. Consequently, they are able to earn higher returns when
making investments. In this way, f(.) can be thought of as a dead-weight loss which

9



emerges as a result of capital mis-allocation. I assume that f(.) is strictly increasing
and convex in capital holdings, Ki:

fi(Ki
t) = αi

2 (Ki
t)2 for i ∈ {h, cb} (4)

In the case of central banks, the management costs may reflect similar factors to
households, as well as other operational costs of running a central bank balance sheet
and liquidity facilities. More important, however, is the fact that central banks are
not profit-maximisers. Central banks operate their balance sheets in order to meet
their policy mandates, not to maximise private returns. For this reason, when central
banks (rather than private banks) hold financial assets, some degree of crowding out
of more productive investment occurs. Versions of this assumption are a common
feature of the literature on balance sheet interventions.6 Recent work on the optimal
supply of public debt has provided a number of possible micro-foundations for the
idea that supply of risk-free assets by the public sector can crowd out investment and
under some circumstances reduce welfare (Angeletos, Collard, and Dellas 2023).

This formulation of “management costs” is reduced form. In reality, the extent
of these dead-weight losses would depend on characteristics of the assets such as
complexity or riskiness. For the purposes of this analysis, the crucial assumption is
simply that capital produces lower returns when held households and the central bank
relative to banks. But, the precise size of these effects is not crucial to the qualitative
properties of the model. In section 4.4, I demonstrate this point by examining the
robustness of my results to this parameter.

2.2 Central Bank

The central bank issues reserves, m, by purchasing capital. Since the aim of this work
is to analyse the effect of different steady state policies, I hold the central bank balance
sheet fixed, as a policy parameter. The central bank values the items on its balance
sheet at their steady state values (i.e. ‘mark-to-book’ accounting). This ensures that
the quantity of reserves does not vary through the cycle, in the absence of any actions

6See for instance Gertler and Karadi (2013) and Gertler, Kiyotaki, and Prestipino (2016).
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by the central bank. As a result, I drop time subscripts on m and Kcb. The balance
sheet is therefore given by the identity:

QssK
cb = m (5)

where m is the quantity of reserves issued by the central bank, and Qss is the
steady state price of capital. The central earns a return on capital and remunerates
reserves at the risk-free rate, Rf

t .

Any profits or losses from the central bank are rebated to the household in the
form of a lump-sum transfer, τt:

τt = (Qss + Zt)Kcb −Rf
tm− fcb(Kcb) (6)

2.3 Households

Households choose consumption and a level of savings. Households save either by
lending to the bank in the form of deposits, Dt, or holding capital directly, Kh

t .
Deposits are one period bonds issued by the bank. If there is no bank run, they pay
a non-contingent gross rate R̄t+1. If there is a bank run, banks are fully liquidated,
and depositors all face an equal haircut on their claims on the bank: they receive the
return xt+1R̄t+1 on their deposits, where xt+1 ∈ [0, 1] is the recovery rate in the event
of bank run. The deposit rate households receive can be expressed:

Rd
t+1 =


R̄t+1 if no bank run

xt+1R̄t+1 if bank run
(7)

When xt < 1, depositors are not paid the full value of their deposit contract if a
bank run occurs.

In addition to the income they receive from their savings, households receive an
endowment of the consumption good which is proportional to aggregate productivity,
ZtW

h, and the lump-sum transfer, τt, rebating profits or losses from the central bank.
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Within each household some fraction, f , of the members are bankers, who operate
banks (which I discuss in the following section). On top of the variable endowment,
the household receives a fixed endowment wb which it pays to the newly entering
banks as start-up funds. The household earns Πt dividends from the bankers. The
household takes prices, its endowment, transfers and dividends as given.7

Households share consumption equally amongst members, and maximise expected
utility:

Ut = Et
∞∑
i=0

lnCt+i (8)

subject to the budget constraint

Ct +Dt +Kh
t + fh(Kh

t ) = ZtW
h +wb +Rd

tDt−1 + (Qt +Zt)Kh
t−1 + (Πt −wb) + τt (9)

where Qt denotes the market price of capital. The household funds consumption
and asset holdings from their endowment, income from their asset portfolio, dividends
(net of transfers to new bankers), and the lump-sum transfer from the central bank.

Let pt denote the probability households assign to the bank run occurring at t+ 1,
and use * to denote variables in the bank run state. For the purposes of exposition,
it will be helpful to write out the probabilities of a bank run explicitly (rather than
including them within the expectation operator). The households’ first order condition
for deposits implies that:

R̄t+1 =
[
(1 − pt)EtΛt,t+1 + ptEt(Λ∗

t,t+1xt+1)
]−1 (10)

where the stochastic discount factor takes different values in the normal and bank
run states:

Λt,t+1 = β
Ct
Ct+1

and Λ∗
t,t+1 = β

Ct
C∗
t+1

7My treatment of bankers as members of the household mirrors Gertler and Karadi (2013). See
the following sub-section for more details.
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It is informative to compare R̄t+1 with Rf
t+1, given by:

Rf
t+1 =

[
(1 − pt)EtΛt,t+1 + ptEtΛ∗

t,t+1

]−1
(11)

When the recovery rate equals 1, the deposit rate is identical to the risk-free rate.
If the recovery rate falls below 1 (xt < 1) and the probability of a bank run occurring
is positive, pt > 0, households demand a risk premium in the return on their deposits
to compensate them for the risk of a bank run such that R̄t+1 > Rf

t+1.

Conditional on the state of the economy, the return households can earn on direct
capital holdings is given by:

Rk,h
t+1 = Qt+1 + Zt+1

Qt + αhKh
t

(12)

where αhKh
t captures the marginal cost households must pay for holding capital

directly. The return households earn on capital depends on whether or not the economy
enters the bank run equilibrium in the subsequent period. In the bank run equilibrium,
the price of capital falls to its ‘liquidation price’, Q∗

t+1, as banks have to fire-sell the
assets on their balance sheet to meet deposit withdrawals. I discuss how to determine
the liquidation price of capital in section 2.6.

Households’ first-order condition for capital is:

1 = Et

(1 − pt)Λt,t+1
Qt+1 + Zt+1

Qt + αhKh
t︸ ︷︷ ︸

Rk,h
t+1

+ptΛ∗
t,t+1

Q∗
t+1 + Zt+1

Qt + αhKh
t︸ ︷︷ ︸

Rk,h∗
t+1

 (13)

Whenever households retain some direct holdings of capital, this first order con-
dition will play a role in determining the market price of capital. This means that
asset prices will be falling in the marginal cost of holding capital directly, αhKh

t . This
mechanism will be crucial to driving a fall in asset prices during bank runs, in which
households absorb all capital previously held in the banking sector.
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2.4 Banks

Banks issue deposits to fund their investment in capital. Banks will face an endogenous
leverage constraint limiting the amount of deposits they can issue. As is common
in the literature on financial frictions, I assume banks are not infinitely lived. This
prevents them from saving sufficient funds such that the leverage constraint never
binds. Bankers stochastically exit the market with probability 1 − σ, such that on
average a banker expects to operate their bank for 1

1−σ periods. As a result, (1 − σ)f
bankers exit and pay their retained earnings back to the household. Exiting bankers
are replaced one-for-one with new entering bankers such that the total number remains
constant. The household provides new bankers with a one-off start-up fund, wb

(1−σ)f ,
per new banker, amounting an aggregate value of wb.

2.4.1 Bankers’ optimisation problem

Bankers maximise the expected dividend paid back to the household when they exit
the market, equal to their net worth, nt, upon exit. Unlike GK15, I assume bankers
are members of the households. As a result, they discount their future dividends with
the same marginal rate of substitution as the household, and are risk-averse. The
bankers’ value function can be written:

Vt =(1 − pt)Et (Λt,t+1(1 − σ)nt+1 + σVt+1) +

ptEt
(
Λ∗
t,t+1(1 − σ)n∗

t+1 + σV ∗
t+1

) (14)

In the event of a bank run, the bank’s net worth falls to zero and the bank is forced
to exit with a pay-off of zero. As a result, n∗

t+1 = V ∗
t+1 = 0 and (14) simplifies to:

Vt = (1 − pt)Et (Λt,t+1(1 − σ)nt+1 + σVt+1)

Each period, banks issue deposit liabilities to households. They use these deposits
and their net-worth to finance asset holdings in capital and central bank reserves. The
bank’s balance sheet is described by:
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Qtk
b
t +m = nt + dt (15)

For surviving bankers, net-worth at t is pre-determined by their net interest income
on their balance sheet from the previous period, given by the gross return on assets
net of the interest paid on deposits. We can express nt as a flow of funds constraint:

nt = (Qt + Zt)kbt−1 +Rf
tm− R̄tdt−1 (16)

After issuing deposits and choosing their asset holdings, bankers can choose whether
to operate honestly. If the banker operates honestly, they hold assets to their maturity
at time t + 1 and repay deposits with the promised interest rate. If the banker is
dishonest, they can seize a fraction, θ, of their private sector assets and divert them
to their own accounts. As is standard in the literature, I assume that the process
of diverting funds is time-consuming, meaning that bankers must decide whether to
operate honestly before any of the uncertainty about the following period is realised -
the banker does not know the value of Zt+1, or whether the households will run to the
bank at t+ 1. In addition, when the bank operates dishonestly at t, the depositors
can force it into bankruptcy (and therefore exit) at the beginning of period t+ 1.

Bankers operate honestly at period t if and only if the present discounted value of
continuing to do so, Vt, exceeds the value of the funds it is possible to divert, θQtK

b
t .

Depositors, who form rational expectations, recognise this and only lend to the bank
when they know the banker will prefer to operate honestly. As a result, the bank faces
the incentive constraint:

θQtk
b
t ≤ Vt (17)

The banker chooses kbt and dt to maximise the franchise value function in (14),
subject to the incentive constraint, (17), the balance sheet condition (15), and the
flow of funds constraint (16). I assume the bank takes the level of reserves as given,
rather than choosing an optimal portfolio of both reserves and capital.

The bank’s optimisation problem boils down to a choice of leverage. Define the
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variable ϕt as the ratio of total bank assets to net worth:

ϕt = Qtk
b
t +m

nt
(18)

Combining the bank’s balance sheet and flow of funds constraint, (15) and (16),
the evolution of the bank’s net-worth can be re-written as:

nt+1 =
[
(Rk,b

t+1 − R̄t)ϕt − (Rk
t+1 −Rf

t+1)
m

nt
+ R̄t+1

]
nt (19)

where

Rk,b
t+1 = Qt+1 + Zt+1

Qt

(20)

It is useful to define ψt as the ratio of the bank’s franchise value to net worth,
Vt

nt
. Intuitively, ψt can be thought of as the shadow value of funds held within the

bank per unit net worth, or equivalently, the ‘Tobin’s Q ratio’ of the bank. Dividing
equation (14) and (19) by nt, the bank’s optimisation problem can be expressed as a
choice of asset to net worth ratio, ϕt:

max
ϕt

ψt = Et{(1 − pt)Λt,t+1 (1 − σ + σψt+1)
nt+1

nt
}

= Et{Ωt,t+1[(Rk,b
t+1 − R̄t)ϕt − (Rk

t+1 −Rf
t+1)

m

nt
+ R̄t+1]}

(21)

subject to the incentive constraint which can be re-written:

ϕt ≤ ψt
θ

+ m

nt
(22)

and the deposit rate given in (10).

The banks’ stochastic discount factor is

Ωt,t+1 = (1 − pt)Λt,t+1 (1 − σ + σψt+1) (23)

Ωt,t+1 captures the present discounted shadow value of net-worth, weighted by
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the probability of exit, (1 − σ). In the event of a bank run, the bank defaults, with
Vt = nt = 0, and pays no dividend.8 Consequently, the bank’s value function only
considers the non-bank run state, weighted by the probability of no run occurring at
t+ 1, namely (1 − pt).

I consider a symmetric equilibrium in which all banks choose the same asset to
net worth ratio. Banks will choose the maximum possible leverage subject to the
incentive constraint, as long as the marginal return on leverage at the optimum is
strictly positive, ∂ψt

∂ϕt
> 0. Noting that the banks funding cost, R̄t, depends on ϕt

through the households first order conditions, the marginal return on ϕt is given by:

∂ψt
∂ϕt

= Et
(
Ωt,t+1(Rk,b

t+1 − R̄t)
)

− (ϕt − 1)Et (Ωt,t+1)
∂R̄t

∂ϕt
(24)

In my numerical analysis, I restrict attention to a parametrisation where the
marginal return on leverage is strictly positive, such that the bank chooses the
maximum possible leverage given the incentive constraint, and equation (22) binds
with equality at the optimum. This assumption simplifies computation of the non-linear
solution to the model.9

2.5 Aggregation

In a symmetric equilibrium, summing over all banks we have:

QtK
b
t = ϕtNt −m (25)

Summing over both surviving banks’ net interest income and the endowment of
newly entering banks in the absence of bank runs, the aggregate quantity of net worth,
Nt, evolves according to:

Nt+1 = σ
[
Rk,b
t+1QtK

b
t +Rf

t+1m− R̄t+1Dt

]
+ wb (26)

8As I show in section 2.6, the bank run equilibrium only exists when this is the case.
9A discussion of the case in which the incentive constraint does not bind in equilibrium of a similar

model can be found in Gertler, Kiyotaki, and Prestipino (2020). In this case, banks choose lower
leverage either due to a precautionary savings motive, or to lower their deposit rates.
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Exiting bankers pay the remaining fraction of the net earnings on assets as
dividends:

Πt+1 = (1 − σ)
[
Rk,b
t+1QtK

b
t +Rf

t+1m+ R̄t+1Dt

]
(27)

Total output is the sum of output produced from capital and the endowments for
households and bankers:

Yt = ZtKt + ZtW
h + wb (28)

All output is used for management costs or consumption by households:

Yt = Ct + fh(Kh
t ) + fcb(Kcb

t ) (29)

2.6 Bank Runs

I now turn to the case in which bank runs exist as a rational expectations equilibrium
of this model. I consider only runs on the entire banking system, rather than individual
banks.10

2.6.1 Existence Conditions for a Bank Run Equilibrium

Assume that at t, the bank is solvent and no bank run has occurred. A household who
deposited at the bank at t− 1 must decide at t whether to “roll over” their deposit
and leave their funds in the bank, or “run” to the bank and withdraw it either for
consumption or direct investment in capital.

A bank run equilibrium exists, as a ‘sunspot’, if and only if the household correctly
believes that the bank would not be able to repay the full value of its obligation,
R̄tDt−1, if all other depositors were to run to the bank. Under these conditions, the

10In the absence of any friction, individual bank runs would simply lead depositors to move their
funds from one institution to another. This would have no aggregate effects in the representative
agent framework above.
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depositor recognises that a run by the other depositors would leave the bank with a
net worth of zero. The recovery rate for depositors in a run is given by the ratio of
the liquidation value of the bank’s assets to the value of its deposits:

xt = min
[
1, (Q∗

t + Zt)Kb
t−1 +Rf

tm

R̄tDt−1

]
(30)

where Q∗
t is the liquidation price of capital, defined in the following section. The

recovery rate is bounded at 1: banks pay at most the promised value of the deposit
contract. When the recovery rate is below 1, the net worth of a bank would be wiped
out in the event of a run. Under this condition, it is rational for a depositor to run
to the bank if and only if they expect all others to do the same. So, the bank run
equilibrium exists as a sunspot whenever the following condition is satisfied:

xt < 1 (31)

The recovery rate is determined by endogenous variables, entailing that the possi-
bility of bank runs depends on macro-economic conditions, and the reserve policy of
the central bank, m.

2.6.2 The Liquidation Price of Capital

New banks cannot enter in the period of a run. This entails that if a bank run occurs,
the banks pay their liabilities by selling off all their assets to households (rather than
new banks).11 Consequently, households must purchase the entire stock of banks’
capital in the event of a run, entailing that:

Kh∗
t = 1 −Kcb & Kb∗

t = 0 (32)

Using this fact, the liquidation price of capital is determined by the household
Euler equation for capital, (13). Given that the no new banks enter, the probability

11This assumption is necessary for the run to have an aggregate impact. The qualitative results
of the model are robust to longer delays. But, bank runs become more costly as the time before
new banks may enter increases, since households must continue to pay large management costs for a
greater period of time.
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of a run occurring in the subsequent period is zero. So, from equation (13), the
liquidation price of capital is given by:

Q∗
t = Et

(
Λ∗
t,t+1(Qt+1 + Zt+1)

)
− αh(1 −Kcb) (33)

The liquidation price is strictly lower than the market value of capital, whenever
banks hold capital. This drives the liquidity mismatch in bank’s balance sheets: bank
assets cannot be liquidated at their full market price. The liquidation price (and its
gap relative to Qt) is therefore an index of liquidity conditions in the market.

It is instructive to consider the special case in which households believe the ex-ante
probability of a run is 0 such that pt = 0∀t. Call this the ‘naive household’ case. In
this case, I abstract from the effect of pt in the aftermath of a run. Equation (33) can
then be iterated forward, and Q∗,naive

t can be expressed as:

Q∗,naive
t = Et

( ∞∑
i=0

Λt,t+i(Zt+1 − αhKh
t+i)

)
− αh(1 −Kcb) (34)

The liquidation price is decreasing in the size of the marginal household management
cost, αhKh∗. This implies that liquidity mismatch is worse when households are more
inefficient, or when they have to absorb a large quantity of capital in a run (i.e. when
Kh∗ is high). From (32), the latter is a direct function of central bank balance sheet
policy. When the central bank balance sheet is larger, a greater proportion of capital
assets are intermediated by the central bank and do not need to be absorbed by
households during a bank run. So, the liquidation price which clears the market for
capital during a bank run is higher (that is, banks are more liquid) when the central
bank is larger.

In contrast to capital, central bank reserves, m, are perfectly liquid. Reserves
can be liquidated by the bank at full value and transferred directly to the household
as 1 period risk-free government bonds in the event of a run. These bonds pay the
equilibrium risk-free rate in equation (11). I assume households hold these risk-free
bonds until banks re-enter the market, when they return to deposits (whose returns
weakly dominate those of reserves).

Following a run at t, aggregate bank net-worth follows:
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N∗
t = 0

Nt+1 = wb + σwb
(35)

After this period, aggregate banks net-worth continue to evolve according to the
law of motion defined in equation (26).

2.6.3 Probability of a Bank Run

The processes described above offer no mechanism to determine which equilibria is
realised. An additional assumption is required to provide some function, g, which
endogenises this probability and closes the model. Following GK15, I choose a simple
functional form for pt which links the probability of a bank run sunspot to the
fundamental determinant of whether the bank run equilibrium exists, Et(xt+1), and
assigns a probability of zero whenever the bank run equilibrium does not exist:

pt = g(Et(xt+1))

= 1 − Et(xt+1)
(36)

Linking probability of a bank run to the recovery rate will amplify aggregate
shocks to the economy, beyond any implication from the traditional financial friction
in the model. Because asset prices and leverage move pro-cyclically, the recovery
rate is pro-cyclical. From the equation above, the probability of runs is therefore
endogenously counter-cyclical, with runs more likely in bad times. I describe this
process in more detail in the numerical results in section 4.

Note that the probability of runs will also depend on the central bank balance
sheet. When banks hold more reserves, a greater proportion of their assets can be
liquidated at full value raising the recovery rate in the event of a run, as described
above.

2.6.4 Determining the equilibrium

Even with a functional assumption for the probability of the sunspot bank run
equilibrium, there is no criteria for setting out which equilibrium is realised. In this
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sense, the model remains indeterminate.

To assess the optimal steady state central bank balance sheet, I study how central
bank policy affects the long-run expected utility in this model. An endogenous
probability for the bank run state arising is sufficient to capture the effects of both the
severity and the expected frequency of bank runs on expected utility.12 As a result, I
will not need to take a position on determining which equilibrium is realised at any
point. I provide a full definition of the ‘no bank run’ equilibrium in appendix A.

However, to carry out a long-run simulation of the economy for the calculation of
business cycle moments, or to model a specific scenario, a rule for determining the
equilibrium would be needed. The simplest way to do so would be to determine the
equilibrium as an exogenous process (that must be consistent with the endogenous
existence conditions for the bank run equilibrium). For instance, Gertler, Kiyotaki, and
Prestipino (2020) assume that a sunspot arises with a calibrated exogenous probability,
and define the equilibrium probability of a bank run as the product of this value and
an endogenous variable very similar to pt in this framework. For the purposes of this
work, however, such a rule is not necessary.

3 Steady State Expected Utility

In this section, I characterise the steady state of the model in which there is aggregate
uncertainty with respect to whether or not the economy will enter a ‘bank run’ state.
I demonstrate that even in the absence of exogenous shocks, agents cannot rule out
the possibility of endogenous dynamics arising as a result of bank run sunspots, and
I derive a method to calculate expected steady state utility which accounts for this
possibility. I apply this method in the numerical analysis in section 4.

3.1 Defining a steady state with aggregate uncertainty

I use the term ‘steady state’ to mean the case where the only exogenous variable (Zt)
is held constant at its long run expected value, Zss, and the vector of all endogenous

12In my dynamic simulations in Appendix D, I focus on the normal times equilibrium, and how
the possibility of bank runs serves to amplify exogenous productivity shocks.
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variables, denoted Xt, is at the fixed point of the system of equations defining the
‘normal times’ equilibrium, set out in Appendix A. Call this vector Xss. If pss > 0,
the possibility of a bank-run, as a sunspot equilibrium, means that even in steady
state, households do not rule out the possibility of endogenous dynamics arising as
a result of runs, when forming their expectations. The steady state remains ex-ante
uncertain with the respect to which of the two possible equilibria will be realised.

To illustrate this point, consider the system in ‘steady state’ at the end of some
period t− 1: Xt−1 = Xss with pss > 0. Assume a deterministic, and constant process
for exogenous shocks given by Zt = Zss ∀t.

With probability 1 − pss, the economy remains in the no bank run steady state.
In this case, the values of all endogenous variables remain constant, and period t is
identical to the previous period, with the same aggregate uncertainty vis-a-vis t+ 1.

With the complementary probability pss, a bank run occurs. In this case, all
endogenous state variables are “reset” to their run values. By the assumptions laid
out in section 2.6, these values do not depend on the values of any other variables at
the end of the previous period. Therefore any period in which a bank run occurs is
identical (conditional on the contemporaneous value of Zt), and independent of the
entire past. In this sense the bank run state can be said to be ‘memory-less’.

In the context of the steady state, where Zt is held constant, any period in which
a bank run occurs from steady state can be denoted by the time subscript, τ , without
any loss of generality. The value of the endogenous state variables at τ are given by:

Proposition 3.1. The endogenous state variables in a period with a bank run run are
independent of all previous periods, and take the following values:

The households absorb all capital not held by the central bank: Kh
τ = 1 −Kcb

The banks are bankrupt, such that: Dτ = 0 & Nτ = 0

The price of capital is the liquidation price: Qτ = Q∗
τ (Zss)

These values determine the full vector of endogenous variables Xτ . Note, however,
that Xτ is not a fixed point of the system of equilibrium conditions. So, in the period
after a bank run, τ + 1, all variables jump onto the saddle path back to the system’s
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steady state. This path, {Xt}∞
t=τ+1, is the solution to the set of equilibrium conditions

of the model (in Appendix A), given a path for the exogenous shock which is held
constant in this case. If no further bank runs occur, the system remains on this saddle
path back to the steady state, Xss.

However, along this saddle path, the probability of further bank runs may be
positive. The probability of bank runs continues to be determined by the method in
equation (36). If another run were to occur, the variables would return to the bank
run state, Xτ . By the “memoryless” property of bank runs, each time a run reoccurs,
the process repeats with identical dynamics.

3.2 Computing Steady State Expected Utility

The expected utility of the representative household in the steady state averages over
the infinite set of possible paths the economy can take from Xss holding Zt = Zss∀t,
weighted by their ex-ante probability.

To derive an expression for this value which can be calculated numerically, I rely
on two pieces of information to simplify the state space. First, all bank runs from
steady state, and the subsequent saddle paths to Xss are identical (Proposition 3.1).
Second, I guess and verify numerically that:

Proposition 3.2. Conditional on no subsequent bank runs occurring and the deter-
ministic path of the exogenous shocks, the saddle path back from the bank run state
re-converges to the steady state, Xss, in a finite number of periods, T .

Let L denote the ex-ante13 expected utility of the representative household at some
period t where the system begins in steady state. This value can be expressed in the
form of a recursive value function:

L = (1 − pss)Vss + pssVrun,τ (37)

where Vss expected utility for the household (or value) if no run occurs at t, and
Vrun,τ is the value if a run does occur at t, and the economy jumps to the run state.

13Ex-ante here denotes households do not yet know whether a run will occur at t
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The value of the no run state is given by:

Vss = ln(Css) + β(1 − pss)Vss + βpssVrun,τ (38)

If the economy stays in steady state, the value function is given by the flow utility
from consumption at t plus the expected value at t+ 1, which takes expected utility
of the two possible states at t+ 1 weighted by their probabilities.

The value of the run state is given by:

Vrun,τ = ln(Cτ ) + β(1 − pτ )Vrun,τ+1 + βpτVrun,τ (39)

where Vrun,τ+i is the value i periods after the run occurs, conditional on no further
runs occurring in that time. The value in the run state is the flow utility of household
consumption, conditional on a run occurring, plus the expected value at t+ 1. Vrun,τ+1

is the value in the case where no run occurs in the following period. Vrun,τ is the
expected value in the case where a subsequent run occurs. In effect, here the economy
“returns” to state τ . Each is weighted by its respective probability.

Equations (38) and (39) define a system of 2 equations in 3 unknowns. To solve
these, eliminate one unknown by noting that Proposition 3.2 implies that the value
to the household T periods after a run, conditional on no subsequent runs occurring
during that time, is the same as the value in steady state:

Vrun,τ+T = Vss (40)

Substituting this into (39), I then solve (39) backwards from period τ + T . For
instance at τ + T − 1:

Vrun,τ+T−1 = ln(Cτ+T−1) + β(1 − pτ+T−1)Vss + βpτVrun,τ (41)

Iterating backwards, and rearranging, Vrun,τ can be expressed as a linear function
of Vss:
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Vrun,τ = Γ0 + Γ1Vss (42)

where Γ0 and Γ1 are functions of the discount factor and the saddle paths for
consumption and the probability of bank runs in the periods after a run occurs,
{Ct}τ+T

t=τ and {pt}τ+T
t=τ :

Γ0 =
1 −

T∑
i=1

βipτ+T+i−(T+1)

i−1∏
j=1

(1 − pτ+T+j−(T+1))
−1

T∑
i=1

βi−1 lnCτ+T+i−(T+1)

i−1∏
j=1

(1 − pτ+T+j−(T+1))

Γ1 =
1 −

T∑
i=1

βipτ+T+i−(T+1)

i−1∏
j=1

(1 − pτ+T+j−(T+1))
−1 [

βT
T∏
i=1

(1 − pτ+T−i)
]

Plugging (42) into (38) provides an expression Vss in terms of steady state consumption,
steady state probability of a run, Γ0, and Γ1:

Vss = ln(Css) + βpssΓ0

1 − β + βpss(1 − Γ1)
(43)

Substituting this result into equation (37), I obtain an expression for long run
expected utility, L:

L = pssΓ0 + (1 − pss + pssΓ1)
ln(Css) + βpssΓ0

1 − β + βpss(1 − Γ1)

Partial derivatives confirm that L is increasing steady state consumption, Γ0, and
Γ1, and decreasing with pss.14

These results are intuitive. Γ0 is proportional to present discounted value of flow
utility of consumption along the saddle path from the run equilibrium. So, the welfare
is decreasing as the severity of the impact of runs on consumption increases. Γ1 is
proportional to the probability that the economy successfully returns to steady state
with no further runs (given by the product on the numerator) implying that the

14Parameter signs are inferred from numerical results, and therefore these statements apply in the
neighbourhood of the parametrisation used in the numerical section.
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welfare falls as the risk of recurrent runs increases. Finally, the welfare is decreasing
in the probability of bank runs.

Welfare is an increasing function of steady state consumption, given by:

Css = Yss − αh

2 (Kh
ss)2 − αcb

2 (Kcb)2

This is where the cost of a larger central bank acts directly on welfare. The
efficiency cost incurred by holding assets in the central bank, rather than in the
financial sector, lowers the level of steady state consumption at the margin.

As pss → 0 and all aggregate uncertainty is removed, Vss and L both converge to
the present discounted value of utility from an infinite consumption stream of Css.
This implies that when pss = 0, central bank balance sheet policy only effects welfare
via its effect on steady state consumption.

4 Numerical Examples

In this section, I discuss the results of some numerical examples to demonstrate the
workings of the model. Given the simplicity of the model, these numerical results
should be taken as illustrative, rather than as quantitative estimates.

I solve the model in a setting where agents have perfect foresight with respect to
the exogenous state variable (Z). In line with the results from the previous section, I
do not assume agents have perfect foresight over whether or not runs will occur in the
steady state. I implement a numerical procedure, similar to that in GK15, which finds
a full non-linear solution. This is important because the model inherently displays
quantitatively important non-linearities. Furthermore, the equilibrium studied is not
unique (because the model allows for bank runs), ruling out the possibility of using
perturbation. I outline the key steps in this procedure in Appendix B.
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4.1 Calibration

I calibrate the model to match the financial conditions in the US on the eve of the
financial crisis, prior to the expansion of the central bank balance sheet. I set the
quarterly discount factor to 0.99, and set the size of the central bank liabilities to
roughly 5% of the size of the private financial sector. I normalise the steady state
values of Z such that the price of capital equals 1 in the calibrated steady state.

I jointly determine the entering endowments of households and bankers, W h and
wb, the exogenous survival probability of the bankers, σ, and the the seizure rate, θ to
target the following empirical moments: I target estimates from Philippon (2015) that
before the financial crisis, commercial banks operated with a leverage ratio of 8, and a
return on bank assets of 200bps. I target a long-run probability of default equal to
4% in steady state, to match the average frequency of financial crises in Reinhart and
Rogoff (2009). Finally, I target a spread between deposits and reserves of 30bps in
line with estimates from Krishnamurthy and Vissing-Jørgensen (2012) of the safety
component of the convenience yield on treasuries.

To determine the combination of values for these parameters, I solve numerically
for the values that minimise a loss function which penalises deviations of the relevant
steady state moments from their target values (all with equal weights).15 The simulated
steady state moments were the leverage ratio, QKb

N
, the returns on bank assets and

deposits, Rk,b and R̄, and the probability of bank runs, p. The results yield parameter
values close to those used in existing literature. They imply a positive probability of
bank runs in the steady state, and consequently, banks pay a small risk premium on
the deposits. The model hits the calibration targets, with the exception of deposit
spreads, which it fails to accurately match. Deposit spreads in the calibrated steady
state are 8bps. I discuss the causes of this in section 4.3.

Following GK15, I set the parameter that governs the inefficiency of households
relative to the financial sector (αh) such that households are willing to buy capital in
the bank run equilibrium at a price that generates an increase in credit spreads of
200bps, consistent with the evidence from the financial crisis (Gilchrist and Zakrajšek

15This method could be thought of as an application of simulated method of moments, outlined in
Ruge-Murcia (2007).
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2012).

The efficiency of the central bank. The only novel parameter in my framework
is αcb which governs the size of the management fee incurred by the central bank
when it holds capital. This parameter is highly uncertain, given the lack of empirical
evidence capital misallocation as a result of central bank balance sheet policy.

For my baseline analysis, I assume that the central bank is no more efficient than
households at intermediating capital, such that αcb = αh. Existing literature on central
bank liquidity interventions typically assumes the central bank is less efficient than
financial intermediaries at making loans, but better than households (e.g. Gertler and
Karadi (2013), Gertler, Kiyotaki, and Prestipino (2016)). My assumption is therefore
relatively pessimistic on the efficiency of the central bank at financial intermediation.
As such, it produces an upper-bound estimate of dead-weight loss which arises as a
result of the management of financial assets by the central bank, and a lower bound
estimate of the optimal size of the central bank.

However, given the uncertainty of this parameter, Section 4.4 shows robustness
analysis for αcb ∈ (0, αh] and demonstrates that the quantitative results of the model
are not sensitive to this parameter.

Table 1 displays the baseline calibration.

Table 1: Parameter Values

Parameter Value Description

β 0.990 Discount rate
σ 0.929 Bankers survival probability
θ 0.205 Seizure rate
αh 0.014 Household managerial cost
αcb 0.014 Central Bank managerial cost

Z 0.016 Steady state productivity
ZW h 0.059 Household endowment
wb 0.002 Bankers start-up funds
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4.2 Optimal Balance Sheet

Having parametrised and solved the model, I carry out comparative statics with the
respect to the size of the central bank balance sheet. Since expected utility, and
the values of all endogenous state variables depend on the entire saddle path for
endogenous variables in the event of a run, statics must be computed numerically. I
discuss the results and then consider implications for policy. Figure 2 shows ex-ante
expected utility, L, as derived in section 3.2 evaluated at different sizes of steady state
central bank balance sheet, Kcb. In addition to the results from the baseline model
(shown in the solid black line), I consider two additional cases to illustrate the roles
of the novel elements of my theory, namely the risk of bank runs as motivation for
reserve supply, and the explicit treatment of the cost of the central bank. The y axis of
Figure 2 is normalised to show welfare in consumption equivalent terms (pp), relative
to the optimal size of the central bank in the baseline model.

Figure 2: Comparative Statics: Ex-Ante Expected Utility. Notes: The figure plots the
expected utility in 3 cases: the solid black line shows the full model. The hollow-dotted
line shows results for the case where households assign zero probability to the bank
run state, regardless of the banks’ financial conditions (are ’naive’). The grey-dashed
line shows the case where αcb = 0

In the case with ‘naive households’ (shown as the hollow dotted in line in Figure
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Figure 3: Comparative Statics: Endogenous Variables. Notes: The optimal size of the
central bank balance sheet is marked by a dotted line for reference.

2), depositors always perceive the ex-ante probability of bank runs to be zero. This
effectively switches off the bank run component of this model in expectation, and
the model becomes isomorphic to a standard model of financial frictions with an
endogenous leverage constraint and ‘financial accelerator’ dynamics. The optimal size
of the central bank balance sheet is zero - the size which minimises the management
cost incurred by the central bank. Intuitively, households do not recognise the liquidity
mismatch on banks balance sheets or the fragility this entails, so the additional
liquidity created by the provision of central bank reserves has no welfare benefit in
expectation.16 But, when the central bank supplies reserves by purchasing capital,
it increases the total dead-weight loss by moving capital from (efficient) financial
intermediaries to the (relatively less efficient) central bank. At this parametrisation,
welfare is therefore monotonically decreasing in the size of the central bank.

16Note that if a run were to occur as an exogenous shock (assuming the conditions for a run were
satisfied ex-post such that xt < 1), then a larger central bank balance sheet would reduce the severity
of the fall in consumption, because banks would have a greater stock of liquid assets with which to
pay households. However, because households assign a probability of zero to this event, it has no
effect on expected utility.
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In the full model, households account for the probability of a bank run when
forming expectations. The welfare results for this case are shown by the solid black
line in Figure 2. Figure 3 shows comparative statics for key endogenous variables.
Increasing the provision of reserves reduces liquidity mismatch on bank balance sheets,
raising the recovery rate and lowering the probability of a bank run (Fig. 3, Panel A).
This reduces the risk premium banks must pay their depositors to compensate them
for the risk of runs, pushing down deposit spreads (Fig. 3, Panel D). Lower bank
funding costs relax the banks’ leverage constraint and push down on lending spreads,
allowing the banks to increase deposits and asset holdings. Consequently, financial
intermediation by the banking sector increases, making the asset allocation more
efficient. More importantly, the household expects fewer runs to occur as the size of
the balance sheet increases. Consumption in the bank run state, Cτ , is also increasing
in the size of the central bank balance sheet implying that a larger central bank makes
runs less severe, if they do occur (Fig. 3, Panel B). The reduction in likelihood and
severity of bank runs generates substantial improvements in expected utility for the
household. As a result of the reduction in aggregate uncertainty, households have a
lower demand for precautionary savings and the risk-free rate rises in the size of the
central bank balance sheet (Fig. 3, Panel C). This matches findings in Arce et al.
(2020) that equilibrium short-term rates are increasing in the size of the central bank,
albeit via a different mechanism.

When reserve supply becomes large enough to rule out the bank run sunspot
equilibrium (i.e. xss = 1 and pss = 0), the marginal liquidity benefit of reserves is
zero: there is no risk of bank runs in steady state and as a result further increases
in steady state reserve supply have no further effect on the risk of bank runs - as a
probability, pt cannot fall below zero (Fig. 3, Panel A). This point can be thought of
as the threshold above which reserve demand is satiated. Beyond this point, banks’
marginal cost of funding becomes insensitive to reserve supply. Banks already have
a sufficient volume of liquid assets to remain solvent in a run, so additional reserves
simply replace high yielding capital assets, with low yielding reserves. When reserve
demand is satiated, the full model becomes isomorphic to the ‘naive household’ case.

The optimal-sized balance sheet lies just below the point where reserve demand is
satiated. When the risk of bank runs is sufficiently low, the marginal cost of increasing
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the size of the central bank outweighs the expected utility benefits of further reducing
the likelihood of runs. Beyond this point, further increases in the size of the central
bank reduce welfare as a result of the inefficiency of the central bank in managing
capital.

Comparing the full model to the naive household case illustrates a key contribution
of this paper: explicitly modelling financial panics is key to understanding the liquidity
value of reserve supply. This model provides a simple micro-foundation for the
welfare derived from very liquid assets (even in a representative agent framework) that
has been studied in the extensive literature on convenience yields (Krishnamurthy
and Vissing-Jørgensen (2012), Lopez-Salido and Vissing-Jorgensen (2023), Vissing-
Jørgensen (2023)). This model matches key features of the convenience benefits in
the theoretical literature. For instance, it is commonly assumed that the utility
derived from such assets (‘convenience’) is both concave and satiated (that is, beyond
some exogenously determined point, the marginal benefit of additional liquid assets is
zero).17 Both of these features emerge endogenously in the expected utility function
of my framework. In consumption terms, the effect of reserve supply on the level
of welfare is small, but not negligible. The representative household would sacrifice
approximately 0.7 percentage points of their per-period consumption to move from
the steady state with Kcb = 0 to the steady state with the optimal balance sheet, and
avoid the risk of bank runs.18 In the US in 2024, this corresponds to roughly $35 per
month on average, comparable to the monthly cost of a mobile phone contract.19

Finally, to illustrate the importance of the parameter αcb in normative analysis,
the grey-dashed line in Figure 2 considers the edge case where the central bank is no
less efficient at financial intermediation than banks. This assumption implies that
no mis-allocation of assets occurs as a result of public intervention in private credit
markets, and that there are no negative externalities from operating large central bank
balance sheets. In this case, larger central bank balance sheets monotonically increase

17This kind of preference is also commonly assumed in macro-finance models or models with a role
for money. See for instance Abadi, Brunnermeier, and Koby (2023), Benigno and Benigno (2022)
and Afonso et al. (2023) for recent examples.

18To calculate this value, I compare the certainty equivalent levels of per period consumption for
each level of expected life-time utility.

19Personal consumption expenditures per capita (A794RC0Q052SBEA) in 2024. Source: U.S.
Bureau of Economic Analysis (2024)
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welfare, reproducing results from previous theoretical work on the optimal size of the
central bank (Arce et al. (2020); Eren, Jackson, and Lombardo (2024)). More reserves
initially increase welfare through the mechanisms described above. But now, when the
ex-ante probability of bank runs falls to zero, additional reserves continue to increase
welfare by relaxing the leverage constraint on the financial intermediary, and allowing
them to increase deposits and asset holdings. While this mechanism is present in the
full model and the naive household case, its effect on welfare is dominated by the
negative effect on consumption from the greater dead-weight loss. The size of the αcb

and the functional form of the dead-weight losses which arise from large central bank
asset holdings are quantitatively important for assessments of the optimal balance
sheet, and should be a priority for future research and policy analysis.

A Figure showing statics for other endogenous variables is included in Appendix
C. And, Appendix D shows the response of the economy to productivity shocks under
3 different sizes of balance sheet, corresponding to pre-crisis levels, optimal size, and a
‘too large’ calibration.

4.3 Empirical validity

Next, I evaluate the model’s key mechanisms by comparing the key theoretical
predictions of the model to data from the USA.

It is now well-documented empirically that the demand for reserves becomes
satiated above some threshold level of reserves. Beyond this point, the demand curve
for reserves is flat and the spread at which reserves are lent and borrowed in the
market becomes insensitive to changes in supply.

The left panel of Figure 4 presents econometric estimates of the reserve demand
elasticity (the slope of the demand curve for reserves) from Afonso, Giannone, et al.
(2022), published at daily frequency on FRED. These estimates show how the spread
(in basis points) between the Effective Federal Funds Rate (EFFR) and the interest
paid on reserves responds to a shock in reserve supply equal to 1pp of bank assets. I
plot this elasticity against the size of the central bank balance sheet (normalised by the
size of the banking sector). The right panel compares these data to their theoretical
counterpart in the model: the elasticity of the spread between the banks’ marginal
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cost of funds (i.e the deposit rate) and the rate paid on reserves, to a 1pp change in
reserve supply.20

The model qualitatively matches the key non-linearity in the data: when reserves
are scarce, the elasticity is large (and negative). Banks’ marginal cost of funds are
more sensitive to changes in the supply of reserves. But as reserve supply increases,
the demand curve flattens. When it reaches zero, the satiation point is reached, and
the spread at which banks can borrow becomes invariant to reserve supply.

Second, I compare the model’s key prediction on deposit spreads to data on
quarterly deposit spreads (Figure 5). The key mechanism in the model relies on the
idea that when reserves are scarce, banks are more illiquid and therefore more risky.
As a result depositors demand higher compensation and deposit spreads are higher.
The model predicts that these spreads are decreasing in the size of the balance sheet,
up to the point where reserve demand is satiated, beyond which point they are zero.
Data on deposit spreads shows a high degree of variance, since deposit spreads respond
to a range of factor through the business cycle. For this reason, the data are grouped
into periods which help contextualise this variance in terms of different reserve supply
regimes. The data loosely demonstrate a similar non-linearity to that shown in the
model.21 The data points coloured blue and purple, in which spreads are elevated
and reserve supply is high appear, at first glance, to contradict my results. These
data correspond to periods in which the Federal Reserve was largely shrinking its
balance sheet. In this sense, these elevated spreads may represent a dynamic response
to contracting reserve supply, which is qualitatively in line with the mechanisms set
out in the model, but not directly comparable to the static results presented above.

In both cases, the model matches the qualitative, non-linear properties of these
relationships. However, it fails to capture their magnitudes. This is due to the fact
that the model dramatically underestimates deposit spreads. This failure to capture
risk premia is not surprising. It is well-known, since Mehra and Prescott (1985), that

20I do not explicitly model an interbank market for reserves, and hence have no direct counterpart
to EFFR-IORB spread. However, given that this spread measures the short term cost at which banks
can borrow, the deposit spread in my model is a reasonable proxy for it.

21Furthermore, deposits spreads rarely fall as low as zero in practice, since the reference rates (3
Month Treasury Bills) contain a convenience yield of their own, as demonstrated in Krishnamurthy
and Vissing-Jørgensen (2012) and Lopez-Salido and Vissing-Jorgensen (2023), which are not present
in the model.
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simple consumption-based asset pricing fails to quantitatively capture risk premia and
risk-free rates. While this inaccuracy can be reduced with a number of ‘fixes’ such
as more sophisticated preferences (see, for instance, Cochrane (2017) for a review), I
have used log utility in order to maintain tractability and facilitate welfare analysis.22

Figure 4: Reserve Demand Elasticity (Model vs Data). Source: Afonoso et al. (2022;
Revised 2024), FRED, Author calculations.

4.4 Robustness to the Cost of the Central Bank

In this model, the inefficiency of the central bank, relative to private financial in-
termediaries, governs the marginal social cost of increasing the size of the central
bank. As noted in Section 4.1, the baseline assumption that αcb = αh, implying that
households and central banks face the same management costs when holding capital,
is relatively pessimistic relative to the existing literature. As such, it implies a lower
bound estimate of the optimal size of the central bank.

In this section, I consider how the optimal size of the balance sheet varies as a
function of αcb. Figure 6 shows social welfare as a function of the size (Kcb) and

22For instance, various types of ‘recursive’ utility functions can help to solve equity risk premium -
risk free rate puzzles. However, these would introduce history dependence to the bank run state,
altering the key property of the model that I exploit in order to calculate social welfare (Proposition
3.1).
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Figure 5: Deposit Spreads (Model vs Data). Source: FRED, Author calculations.

inefficiency (αcb) of the central bank. The red line shows the welfare-maximising size
of the central bank balance sheet as a function of αcb.

The model-implied optimal size of the central bank is not highly sensitive to the
size of the cost parameter, αcb, provided it is not zero. As αcb tends towards zero,
the optimal size of the central bank balance sheet tends towards the point where the
reserve supply is large enough to make the probability of bank runs equal zero. For
any value of αcb, this point lies at the ‘kink’ in the plotted surface in figure 6. Beyond
this point, the marginal liquidity benefit provided by additional reserves is zero - runs
cannot be made less likely! So, for any non-zero cost, expansions in the central bank
are strictly welfare reducing. Since the location of this point is not sensitive to αcb,
nor is the optimal size of the balance sheet.

In the baseline analysis, with αcb = αh = 0.014, the optimal size of the central
bank is Kcb = 0.21 , or 31% of bank assets. This increases to 0.25, or 37% of bank
assets, when αcb = 0.001. Given these estimates represent two edge cases, this move is
relatively small. This analysis shows that the estimates of the optimal central bank
balance sheet are robust to a wide range of assumptions about the marginal social cost
of central bank asset holdings. Even if the central bank’s cost of managing capital,
relative to private banks, is extremely close to zero, the optimal size of the central
bank will not exceed the point where reserve supply is large enough to rule out bank
runs in steady state.
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Figure 6: Social Welfare by Central Bank Size and Efficiency. Source: Author
calculations.

38



5 Implications for Central Bank Balance Sheet
Policy

In the numerical example, the welfare maximising size of the central bank occurs
where Kcb = 0.214. To put this number in context, this implies the ratio of central
bank liabilities23 to banking sector assets of 31%, comparable to the Fed in 2023.24

Given the simplicity of the model, quantitative results are purely illustrative.
Nevertheless, these results imply a clear qualitative insight for central bank balance
sheet policy. The welfare-maximising size of the central bank balance sheet lies where
the gross marginal benefit of additional reserves is close to zero, and reserve demand
is almost fully satiated. Even under an upper-bound estimate of the efficiency cost of
the central bank, households prefer to expand the central bank, forgoing some steady
state consumption, to reduce the risk of bank runs to the point where the risk is
almost eliminated. This result implies that the cost of insuring against liquidity risk,
in the form of operating a large central bank, is small relative to the expected welfare
gains of greater liquidity.

This model therefore provides a parsimonious, welfare-based rationalisation for
‘ample’ reserve regimes. Such regimes supply enough reserves to satisfy aggregate
demand for reserves, in recognition of the fact that prior to the crisis, the supply of
reserves was inefficiently low. For example, in 2024, the Bank of England has stated
that it intends to continue to supply the “minimum level of reserves that satisfies
commercial banks’ aggregate demand, both to settle their everyday transactions and
to hold cash as a precaution against potential outflows in times of stress.”25 This
point corresponds to the region of the reserve demand curve where the the elasticity
of demand is close to zero. Importantly, this type of reserve regime implies smaller
balance sheets than the ‘abundant’ reserve regime seen on the far right of the charts
in 4.3, where central banks supply reserve far in excess of the amount required to
satiate demand.

The optimal central bank plays an insurance-like role, enhancing financial stability
23Net of government deposits
24Source: FRED Board of Governors of the Federal Reserve System (US) (2024)
25Bailey (2024)
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by increasing the supply of liquid assets. The optimal sized central bank balance sheet
is almost twice the size of that which maximises steady state consumption in the
normal times equilibrium (Figure 3, Panel B). This is because agents are risk-averse
and want to smooth consumption across the two possible equilibria. So, they prefer to
give up steady state consumption to insure against the risk of large consumption falls
in systemic bank runs. Even in the baseline analysis, the marginal cost of additional
insurance (given by αcbKcb) remains low enough that households prefer to insure
against the vast majority of bank run risk.

Finally, section 4.4 shows that even if the management cost faced by the central
bank is arbitrarily small, households never prefer to expand the long-run size of the
central bank beyond the point where there is no risk of bank runs and the marginal
benefits of additional reserves is zero. This suggests that ‘ample’ reserve supply
regimes, where reserves are supplied significantly in excess of the volume required to
satiate demand are unlikely to be optimal long run balance sheet policy.

6 Conclusion

This paper presents a simple endowment economy model where the central bank supply
of reserves has a non-monotonic effect on aggregate welfare, allowing me to investigate
the socially optimal long-run size of the central bank balance sheet. Welfare benefits
arise in this model as a result of the liquidity of central bank reserves, by reducing the
probability and severity of financial panics. Even with a pessimistic assumption about
the efficiency of central bank credit intermediation, my numerical results suggest that
these benefits come cheaply, relative to the marginal cost of increasing the size of the
central bank. So, it is optimal for central banks to provide reserves up to the point
where their marginal benefit to liquidity conditions is almost zero. This is consistent
with an ample supply of reserves in steady state. Beyond this point, additional reserves
have no effect on liquidity conditions and further expansion of the central bank crowds
out the private financial sector and reduces aggregate welfare.

A number of extensions to this work would improve policy analysis. The most
pressing areas concern the negative externalities, or moral hazards, which may arise
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from supplying abundant reserves. My results show that under some circumstances,
reserves relax constraints on banks and allow them to take on more leverage. This
increases their sensitivity to shocks and undoes some of the static liquidity benefits
studied in this paper. Allowing for endogenous capital accumulation and explicitly
modelling the interaction (or substitutability) of reserve supply with other macro-
prudential tools would facilitate this kind of analysis. This may help to account more
fully for the risks of over-supplying reserves.
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Appendix

A Equilibrium Conditions

Here I define the recursive competitive equilibrium with no bank run. It consists of
aggregate quantities for:
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which satisfy eqs. (1), (4), (6), (10), (11), (13), (18), (20) to (23), (25) to (29) and (36)
where the constraint in (22) binds with equality.

To evaluate household expectations, we also need counter-factual bank run values
for consumption and prices which are used in households’ expectations of the bank
run equilibrium:

(C∗
t+1, Q

∗
t+1)

These values must satisfy (29) evaluated in the bank run state, and (33). This yields a
system of 19 equations and 19 unknowns. The household budget constraint is satisfied
by Walras’ Law.

B Computation

Steady State. To solve for the steady state of the model, I guess a liquidation
price of capital, Q∗(Zss), and solve for the steady state values of all endogenous
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variables (which depend on saddle paths for capital, consumption and the probability
of bank runs in the event of run) numerically. I then verify that the guess of Q∗(Zss)
is consistent with the household first order condition in equation (33), given the
computed steady state values. If not, I update the guess and repeat.

Impulse responses. Once the steady state is found, I solve for the impulse response
functions to a productivity shock at t = 1, which follows an AR(1), in the following
steps:

1. Guess a time T after which all endogenous state variables have returned to
steady state.

2. At each period t∗ = 1, 2, ...T calculate the saddle path of the economy back
to steady state if a run were to occur at t∗. Using propositions 3.1 and 3.2,
I impose initial and boundary conditions on all endogenous state variables to
facilitate this computation.

3. To calculate IRFs, solve numerically for the vector of endogenous state variables
{Xt}Tt=0 which solve the system of equations defined by the equilibrium conditions
of the model, given the exogenous shock process and the counter-factual values
of the endogenous variables if a run were to occur the following period. Impose
terminal conditions XT = Xss, and solve backwards from t = T to t = 1. Verify
the guess for T by checking the paths are consistent with the system starting in
steady steady and the shock in period 1. If not, update the guess and repeat.
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C Additional Comparative Statics

Figure 7: Additional Comparative Statics. Notes: The optimal size of the central
bank is marked by a dotted line for reference

D Productivity Shocks

Figure 8 shows the responses of the model to a negative 3% shock to productivity, Zt,
which follows an AR(1) process with a serial autocorrelation of 0.95. I assume the
economy stays in the no bank run equilibrium (ex post). In this model the shock is
amplified by the interaction between the financial accelerator mechanism and the risk
of bank runs. The fall in productivity pushes down asset prices. This pushes down
the banks net worth, increases leverage, and forces them to contract deposits and
sell assets (financial accelerator channel). Households absorb some capital, forcing
them to incur larger management costs, and amplifying the size of the recession. The
liquidation price of capital Q∗ also falls, reducing banks’ liquidation value and pushing
down the recovery rate. This intensifies the risk of a bank run. As a result, deposit
spreads rise (bank run risk channel), further weakening the bank’s balance sheet and
forcing them to further contract deposits and lending, in a feedback cycle with the
financial accelerator.

The figure compares the effects of the shock for three sizes of central bank. A
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Figure 8: Recessionary Shocks by Size of Central Bank Balance Sheet

pre-crisis regime of Kcb = 0.03 (in blue), the ‘Optimal’ size identified in the previous
section (in green), and the case where the central bank balance sheet is at its historical
‘Maximum’ (in red) and inefficiently large. In effect these three cases correspond to
scarce, ample and abundant reserve supply regimes respectively.

The amplification of the shock to consumption and lending spreads is decreasing
with the size of the central bank. This is because the recovery rate (equation (30))
is less sensitive to shocks when the level of reserves is higher. Consequently, the
probability of bank runs increases by less when the central bank is larger, even beyond
the optimal steady state balance sheet. In the largest balance sheet considered,
the shock is not large enough to cause the recovery rate to fall below one. The
probability of a bank run remains at zero throughout the recession, and there is
minimal amplification beyond the direct financial accelerator dynamics. In general,
when banks hold a greater stock of reserves, amplification via the bank run risk channel
is weakened.

In my results, larger central bank balance sheets dampen the sensitivity of the
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economy to productivity shocks. But, important exceptions to this are bank leverage
and net-worth. These variables are most sensitive to shocks in the case where the
central bank is at the optimal size, and reserve supply is abundant. This is because
banks are most leveraged in the optimal steady state. In my static results, leverage is
increasing in the level of reserve supply, up to the point where the risk of bank runs is
eliminated entirely at the optimum (see the figure in Appendix C). For higher levels
of reserve supply, steady state bank leverage falls as the central bank expands. When
the banks enter the shock with greater leverage, the financial accelerator mechanism is
stronger, offsetting much of the benefits of greater liquidity. While this channel is not
strong enough to cause spreads to rise more than in the ‘pre-crisis’ balance sheet case,
it is notable that the impulse response functions for spreads, consumption, and the
risk-free rate are almost identical in the two cases, despite the consequential difference
in the level of reserve supply.

The finding that ample reserve supply may increase the sensitivity of financial
intermediaries to shocks has empirical support. Recent work has found that ample
central bank provision of liquidity has caused banks to disproportionately increase
their risk appetite and leverage (Acharya et al. (2022)), increasing the sensitivity of
the financial sector to liquidity shocks.26 Moments of extreme illiquidity in money
markets, such as the 2019 ‘Taper Tantrum’ when the Fed began to shrink its balance
sheet (Afonso et al. (2020)) and the ‘Dash for Cash’ at the onset of the Covid-19
pandemic in 2020 illustrate this effect. My results do not suggest that this increase in
the strength of the financial accelerator channel is strong enough to fully undo the
liquidity benefits of reserve supply in the context of dynamic shocks. However, they do
suggest that a purely static view may overstate the benefits of long-run reserve supply,
and that further research should investigate whether abundant reserve supply may
contribute to financial volatility, or even create a moral hazard problem by making it
possible for banks to take on excessive leverage.

26Schnabel (2023) notes that increases in regulatory requirements for banks to hold high quality
liquid assets, and changes in risk management have also increased the structural demand for reserves
since the financial crisis. This fact may partially explain the increase in sensitivity to liquidity shocks.

49


	Introduction
	Model
	Capital
	Central Bank
	Households
	Banks
	Bankers' optimisation problem

	Aggregation
	Bank Runs
	Existence Conditions for a Bank Run Equilibrium
	The Liquidation Price of Capital
	Probability of a Bank Run
	Determining the equilibrium


	Steady State Expected Utility
	Defining a steady state with aggregate uncertainty
	Computing Steady State Expected Utility

	Numerical Examples
	Calibration
	Optimal Balance Sheet
	Empirical validity
	Robustness to the Cost of the Central Bank 

	Implications for Central Bank Balance Sheet Policy 
	Conclusion
	References
	Equilibrium Conditions
	Computation
	Additional Comparative Statics
	Productivity Shocks

