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Abstract
This paper proposes a framework for analyzing intergroup phenomena. A set
of heterogeneous players is divided into two groups. Players are exogenously
matched, and each pair plays a simultaneous-move game under complete in-
formation. When players are matched within the same group (“ingroup”),
they form correct expectations about their opponent’s behavior in equilib-
rium. Conversely, players form coarse expectations when matched with a
member of the “outgroup.” In equilibrium, such coarse expectations must
coincide with the aggregate behavior of the outgroup. The concept is illus-
trated in coordination games and applied to an organizational setting where
the groups represent subdivisions, and each game corresponds to a team task.
These tasks are identical and exhibit strategic complementarities. An omni-
scient designer sorts players into pairs to maximize the overall probability of
task success. The analysis of the optimal assignment emphasizes the role of
coarse expectations: by pairing efficient players within their group and less
efficient players across groups, the designer can induce the latter to overexert

effort in equilibrium.
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1 Introduction

Beliefs regarding behaviors across various social groups wield significant influence
over societal interactions and economic outcomes. Interactions across social groups
are a core element of many phenomena studied in economics and psychology, such
as stereotypes (Hilton and von Hippel (1996); Bordalo et al. (2016)), statistical dis-
crimination (Phelps (1972); Arrow (1973)), and identity (Tajfel (1974); Tajfel and
Turner (1979); Akerlof and Kranton (2000)). These phenomena have been shown to
have a strong impact on labor markets, consumer choices, and organizations. Thus,
studying intergroup behavior is crucial for improving our understanding of social
interactions. Intergroup behavior is typically defined as a situation where “individ-
uals belonging to one group interact, collectively or individually, with another group
or its members in terms of their group identification” (Sherif, 1966, p. 12).

Psychological research on intergroup phenomena primarily highlights ingroup
favoritism and the outgroup homogeneity effect. Ingroup favoritism refers to the
tendency to prefer and act more positively toward members of one’s own group
(Tajfel et al. (1971)). The outgroup homogeneity effect, on the other hand, de-
scribes the perception that outgroup members are more similar to one another
than ingroup members. The social psychology literature reveals a broad consensus
about the existence of an outgroup homogeneity effect, but various theories have
been proposed regarding the underlying cognitive mechanisms.

Linville et al. (1989) argue that familiarity must play a role. They link perceived
variability to a memory retrieval process: because ingroup members are more famil-
iar with each other, they are able to retrieve more exemplars from their memory in
ingroup interactions compared to outgroup interactions. In this paper, familiarity
with the ingroup is captured by the assumption that players in the ingroup are more
likely to have informal interactions with one another. This is a realistic assumption
when groups divide players based on some notion of proximity (e.g., neighborhoods
or geographical proximity in a society; plants or subdivisions in organizations; etc.).

Judd and Park (1988) and Park et al. (1991) argue that familiarity alone can-

not explain the evidence on the outgroup homogeneity effect in minimal groups.*

'The minimal group paradigm involves dividing experimental subjects into arbitrary groups
(e.g., by flipping a coin). Intergroup phenomena have been observed in these settings as well.
Although, Ostrom et al. (1993) points out that results of outgroup homogeneity seem to be less
robust in settings with minimal groups.



They posit that encounters with both ingroup and outgroup members are stored in
memory via categories and that more categories are dedicated to ingroup interac-
tions. Finally, Ostrom et al. (1993) propose that the processes underlying ingroup
and outgroup interactions are fundamentally different. Ingroup interactions involve
storing encounters in memory via person-categories, whereas information about the
outgroup is structured as an attribute-based category. The approach in this paper
is closer to the latter view.

In this paper, intergroup phenomena are analyzed by positing that players form
expectations based on the outgroup homogeneity effect. Specifically, the framework
consists of a set of heterogeneous players, denoted by Z, where heterogeneity is
captured by payoff-relevant individual characteristics, and players choose actions
from a common action space A. It is assumed that players can accurately select
the optimal action based on their expectations. The set Z is partitioned into two
subsets, each representing a group. For a player ¢ belonging to group G, the other
players in G are referred to as the ingroup, while those not in G constitute the
outgroup.

Players are exogenously sorted into pairs according to a deterministic function
¢. Each pair engages in a two-player simultaneous-move game, where individual
payoffs depend on the characteristics of both players. The individual characteristics
of all players, as well as the matching ¢, are assumed to be commonly known.

Players can be matched either within the ingroup or with the outgroup. In
the case of ingroup matches, it is assumed that players form expectations that are
finely tuned to the behavior of their opponents. In equilibrium, these expectations
must coincide with the strategy of the opponent to whom they are matched, en-
suring that the equilibrium behavior corresponds to the strategies prescribed by
Nash equilibrium for these matches. Conversely, when players are matched with
the outgroup, they are assumed to form coarse expectations, relying on aggregate
statistics of behaviors in the outgroup. In equilibrium, these expectations are re-
quired to coincide with the average distribution of strategies among all outgroup
players (including those interacting within the ingroup). Clearly, in these matches,
the equilibrium behavior may differ from the predictions obtained through more
standard approaches.

The assumption of coarse expectations for outgroup interactions captures a stark



version of the outgroup homogeneity effect. This is not far from the cognitive
process proposed by Ostrom et al. (1993): players form finely tuned expectations
when interacting ingroup (“person-category”) and form coarse expectations when
interacting outgroup (a prototype in the “attribute-category”).

From another perspective, the difference in expectations for ingroup and out-
group interactions is consistent with a situation where players are exposed to two
different datasets. For ingroup interactions, each data point consists of both the
behavior and the identity of members in the ingroup, whereas data is anonymized
for outgroup interactions. Players are then forced to rely on aggregate statistics
to make sense of the latter dataset. Interestingly, this view is somewhat consistent
with findings in psychology: Linville (1982) finds that subjects are able to retrieve
more complex information from memory about the ingroup than the outgroup.

For a given matching ¢, the equilibrium concept used in this paper can be viewed
as a special case of the analogy-based expectations equilibrium (ABEE) proposed by
Jehiel (2005), which posits that players bundle situations into categories and form
expectations for each category relying on aggregate statistics (see Jehiel (2022) for a
survey of this literature). The framework proposed in this paper can be interpreted
as an analogy-based expectations framework where each player partitions other
players in the following way: each ingroup member is placed in a singleton cell of
the partition, while the outgroup players are all bundled together.?

A novel aspect, compared to the literature on ABEE, is that, in the current
setup, players are sorted according to a function ¢. The sorting governs the pairwise
interactions and allows for the study of societies that are matched assortatively, anti-
assortatively, or independently of players’ individual characteristics.®> Players are
assumed to know the function ¢. In particular, each player observes the individual
characteristics of their match. However, players do not make inferences from ¢ when
forming coarse expectations. That is, players do not make strategic considerations
upon observing the individual characteristics of their match but simply rely on data

about outgroup behavior to form their expectations. This requires players to treat

2Some recent papers on ABEE aim to endogenize the partitions (Jehiel and Weber (2025),
Jehiel and Mohlin (2023), Goursat et al. (2025)), which were originally introduced as a primitive
of the model. In this paper, the partitions are given exogenously because the scope of the paper is
to study the effect of interactions across social groups, rather than the formation of social groups.

3¢ expresses formal pairwise interactions, while informal interactions are not modeled in the
framework (see the discussion on familiarity above).



the data as independent of the sorting and the individual characteristics of players
in the outgroup, and it can be viewed as a form of correlation neglect.*

Next, the consequences of sorting and the outgroup homogeneity effect are an-
alyzed in two economic scenarios.

First, an illustration is provided in section 3 through coordination games a la
Carlsson and van Damme (1993), where players choose whether to invest or not.
Groups are symmetric, and payoffs depend on the individual characteristics of both
players, who are matched according to ¢. In this setting, there are multiple Nash
equilibria, and the literature typically focuses on equilibrium selection.

In the context of this illustration, it is established that when one match is such
that both players find it strictly dominant to invest, the outgroup homogeneity
effect induces all players to invest, provided that all are matched outgroup and in
an assortative fashion.

The main goal of this illustration is to clarify the difference between the cur-
rent framework under complete information and the more standard approach of
Bayes—Nash equilibrium in games of incomplete information. To this end, a Bayesian
game is introduced in the context of coordination games, where the matching is un-
observed but there is a commonly known distribution over matchings. It is then
shown that no distribution can uniquely induce all players to invest in a Bayes—Nash
equilibrium. In particular, multiple Bayes—Nash equilibria arise for any mixture over
matchings. The key insight of this illustration is that uniqueness can be achieved
via the outgroup homogeneity effect when this is not feasible under standard ap-
proaches.

In section 4, an application to organizational contexts is proposed. Organiza-
tions typically comprise several distinct “groups” (e.g., departments, offices, floors,
or plants), with possibly limited —informal- interactions among agents from differ-
ent groups due to the organizational structure. More specifically, the application
considers a setting where the groups represent subdivisions, and each match cor-
responds to a team. Each match involves a simultaneous-move game exhibiting
strategic complementarities in a private value setting.

A designer is required to maximize the overall probability of success of the tasks

4Eyster and Rabin (2005) study correlation neglect in strategic environments of incomplete
information and draw a link between fully-cursed and ABEE with coarsest analogy partitions.



in a pure moral hazard setting with risk-neutral agents and limited liability. The
probability of success of each task depends linearly on the effort exerted by players
in that match and is supermodular in the efforts. The designer can only affect
the equilibrium efforts via the matching ¢.> For general groups, some necessary
conditions for the optimal matching are provided. In particular, given the subsets
of agents that are matched ingroup/outgroup, the optimal ¢ should match the
agents assortatively within their subset.

The attention is then restricted to organizations with a large number of agents.
It is established that when groups are symmetric, the optimal matching takes the
form of a threshold: all agents with costs above the threshold are assortatively
matched outgroup, while the rest are assortatively matched ingroup. Finally, an
iterative procedure is proposed to find this optimal matching. This consists of
starting by matching all agents ingroup assortatively and progressively rematch
outgroup those agents who exert effort below average, where the average increases
at each rematch. This can be interpreted as the designer trying various matchings
and improving the objective function over time, thereby reducing the tension in the
model between an omniscient designer and coarse agents.

Section 5 discusses various extensions of the model. First, the case of decentral-
ized matching is examined in the context of large organizations, and it is established
that the threshold property arises under this alternative approach as well. How-
ever, the designer’s optimal solution additionally requires that outgroup matches
be assortative. The discussion then turns to how the current modeling approach
can be adapted to capture alternative effects such as ingroup homogeneity (Brewer
(1993)). Finally, it is noted that the framework can be extended by augmenting the
game with a network, where players form correct expectations about the behavior
of those to whom they are linked, and coarse expectations otherwise. Groups are
derived from a specific network structure in which the vertices are partitioned into
subsets and each vertex is linked to all (and only) others within its subset. From this
perspective, the current notion can be viewed as a refinement of Peer-confirming
Equilibrium (Lipnowski and Sadler (2019)).

5The more typical channel of bonus schemes is shut down by assuming a fixed bonus scheme.



1.1 Related Literature

This paper is part of the body of research in behavioral game theory that aims to
address various forms of cognitive limitations and misperceptions (see, for instance,
Osborne and Rubinstein (1998) on sampling equilibrium or Jehiel and Samet (2007)
on coarse evaluation). The notion of equilibrium introduced in this paper can be
interpreted as an analogy-based expectation equilibrium (Jehiel (2005)) with multi-
ple players and a specific assumption on the analogy partition. As such, it can also
be formulated under the general frameworks of Berk-Nash equilibrium (Esponda
and Pouzo (2016)) and conjectural equilibrium (Battigalli (1987)). Spiegler (2016)
explores misperceptions of causal relationships between relevant variables for a de-
cision maker via the language of Directed Acyclic Graphs, and Spiegler (2020) offers
an interpretation of coarseness in terms of omitted variables through this approach.
This fits with the interpretation of coarse expectations as arising due to anonymized
data in this paper. One novelty with respect to the aforementioned approaches is
the formal introduction of the matching function, which affects coarse expectations.

In a related approach, Eyster and Rabin (2005) examine misperceptions regard-
ing the impact of private information on behavior. They propose contrasting the
standard concept of Bayes-Nash equilibrium with the case where a player neglects
the correlation between the strategy and the type of the opponents (“fully-cursed”).
In the latter case, expectations are correct on average, but each opponent is mis-
takenly perceived as playing according to the same distribution, regardless of her
type. They posit that players best-respond to a convex combination of the ex-
pectations of a Bayesian player and a fully-cursed player, where the weight can be
seen as the degree of cursedness. In a similar fashion, the current paper takes a
standard concept at one extreme (Nash equilibrium for ingroup matches) and the
coarsest (outgroup) analogy partition at the other extreme (for outgroup matches).
However, here the coarse expectations are determined only by actual equilibrium
behaviors aggregated across players in the outgroup.

This paper is also related to recent literature that provides novel perspectives
on intergroup phenomena through the lens of bounded rationality. In the context

of social identity, Liqui Lung (2022) points out that if decision makers have a noisy

6The case with fully-cursed players coincides with the coarsest analogy partition in ABEE
under incomplete information as defined in Jehiel and Koessler (2008).



perception of their own ability, they can improve their decision making on average
by relying on, possibly irrelevant, aggregate statistics of their social group. How-
ever, this can lead to persistent self-driven asymmetries across social groups. From
a statistical discrimination perspective, Chauvin (2020) argues that the Fundamen-
tal Attribution Error can lead to a self-enforcing cycle where agents mistakenly
attribute outcome gaps to trait differences, which leads to discrimination, further
fostering the outcome gaps. In this strand of literature, the most related paper is
Frick et al. (2022). They propose a model where social interactions generate sample
of behaviors for those involved in the interactions and these occur in as assortative
fashion. Neglecting the assortativity, each player treats her sample of behaviors as
representative of the whole population. This misperception leads to outcomes of
socioeconomic disparities. Similarly to Frick et al. (2022), in this paper players ne-
glect the effect of the matches on the distribution of behaviors. The main difference
is that, unlike Frick et al. (2022), in this paper players are exposed to the aggregate

distribution of behaviors over the whole outgroup.

2 Framework

Strategic Environment. Consider a set Z containing an even number of players,
who interact in two-player normal-form games under complete information. The
pairwise interactions are governed by ¢, which is a complete one-to-one matching in
Z. The set of all such matchings is denoted by ®, and ¢(i) denotes the player j € Z
that is matched with ¢ according to ¢ € ®. The matching is given exogenously.

Each player ¢ has payoff-relevant individual characteristics x; € X and available
actions a; € A;. The action space is assumed to be common to all players: for each
i, A; = A. T denote by o; € AA a mixed strategy of player ¢, and o = (0;)ez is a
profile of strategies.

The payoft of player ¢ matched with j is described by a Von Neumann-Morgenstern
utility function, where u;(a;, a;; x;, x;) is the utility obtained by player 4, with char-
acteristics x;, when she plays action a;, given that player j, with characteristics z;,
plays a;.

Given the matching ¢, the match (¢,j5) € ¢, characteristics z; and z;, and



strategies o; and o, the expected utility of player ¢ is given by:

Ui(oi, 052, x;) = Z oi(a;)oj(a;)ui(a;, aj; x;, x;).
aia;
Players are assumed to observe the matching ¢ and the characteristics z; and x;
when choosing their actions.
Given ¢, a strategy profile ¢ is a Nash equilibrium if, for every ¢+ € Z, and
g, € AA,
Ui(0i70'¢>(i)§xiax¢(i)) > Ui(ag,%(i);xi,%(i)).

Groups. [ assume that players are divided into two groups. Players within a
group are viewed as being familiar with one another, so that they are able to know
or learn the strategy of their opponent whenever the opponent is from the same
group. Therefore, for these types of interactions, the equilibrium play coincides
with what is prescribed by Nash equilibrium.

Instead, players are assumed to learn only the aggregate behavior of players
from different groups, where the aggregation is over all the strategies of players in
a group.

The familiarity between members of the same group is not captured directly
by the model, and it can be interpreted in different ways depending on what the
groups represent.” For instance, one can think of groups as neighborhoods, with
familiarity arising as a byproduct of frequent informal interactions among neigh-
bors.® Another interpretation of familiarity is in terms of culture. One could view
groups as, say, nationalities, and familiarity could derive from the fact that players
share traditions and customs, or alternatively, groups could be interpreted as or-
ganizations (or subdivisions within an organization), each with its own culture (or
subculture).

More formally, the set of players Z is assumed to be partitioned into two groups,

namely G and G5. I assume that in each group players are ordered so characteristics

"The idea of familiarity in relation to the outgroup homogeneity effect is discussed in Judd and
Park (1988).

8A different, but somewhat similar, interpretation in terms of neighborhoods can be found in
Frick et al. (2022), where agents are assumed to sample behaviors more frequently from their
neighbors, but they treat the sample as representative of the whole population.



are weakly increasing. The notation G(i) is used to refer to the group G that
contains player .

The matching ¢ determines whether player i interacts with a player from the
same group or not. I say that player i is matched ingroup, according to ¢, if
¢(i) € G(i), and player i is said to be matched outgroup otherwise.

The set of players in G that are matched ingroup according to ¢ is denoted by
Ig, while Og denotes the set of players in G that are matched outgroup according
to ¢.

Given ¢, player ¢ forms expectations about the behavior of her opponent ac-
cording to B;(c) € AA, which maps from the set of strategy profiles (AA)”! to AA.
A profile of expectations is denoted by 8 = (5i(0))iez-

A profile of expectations [ is said to be consistent with o, whenever, given ¢,
for all 1 € Z,

0) if (b(l) € G(’L)
Y jrecom) e i 9(0) € G()

In other words, consistency means that the expectations are finely tuned to

Bi(o) =

individual behaviors for ingroup interactions, while they correctly represent the
aggregate behaviors in the outgroup when the play is governed by . The modeling
of expectations for outgroup interactions as coarse captures a stark version of the
outgroup homogeneity effect. It should be noted that the aggregate behavior in a
group also includes the strategies of players interacting within their group.

A strategy o; is said to be a best-response to f;(c). given ¢, whenever for all
a; € A,

Ui(0:, Bi(0); %4, 2g3)) = Us(ai, Bi(0); T4, X))

In other words, players are assumed to be able to correctly perform the utility max-

imization problem, given their expectations. In this sense, player ¢ best responds

as if ¢(i) played B;(o).

Definition 1 Given the strategic environment, groups (G1,G3), and matching ¢,
a profile of strategies o is an equilibrium if and only if there exists a profile of

expectations B such that:

1. For each player i, o; is a best response to [;

10



2. B is consistent with o

Some comments are in order here.

Nash Equilibrium as a special case. The equilibrium concept introduced above
has Nash Equilibrium as a special case when one group is empty.

More precisely, when the groups are G = Z and G’ = (), all agents are necessarily
paired ingroup, and so definition 1 corresponds to Nash equilibrium. This is because,
by consistency, each player i has correct expectations about the strategy of ¢(i),
and then she chooses o; so as to maximize U;(0;, 04(3:); i, Tos)). More generally, the
two definitions coincide whenever the matching ¢ is such that all agents are paired
ingroup. Clearly, the equilibrium actions prescribed by definition 1 can differ from

Nash equilibrium for general groups and matchings.

Related notions of bounded rationality. The equilibrium defined in (1) can be
thought of as a specific formulation of several notions of equilibrium in the bounded
rationality literature.

The closest one is the analogy-based expectation equilibrium (ABEE), first in-
troduced for settings with multiple stages by Jehiel (2005), and extended to model
games of incomplete information by Jehiel and Koessler (2008) (see Jehiel (2022)
for a survey). The notion presented in this paper can be viewed as an ABEE where
each agent i partitions the members of the ingroup finely (each agent in G(i) be-
longs to a singleton cell in the analogy partition of ), while the members of the
outgroup are all bundled together into one cell of the analogy partition.? A benefit
of thinking about the framework of this paper in terms of ABEE is that one could
allow for less coarse categorizations of the outgroup (say, a finite number K of cells
for the members of the outgroup, rather than K = 1 as it is currently assumed),
thereby capturing less stark formalizations of the outgroup homogeneity effect.

From another perspective, the equilibrium presented in definition 1 can be in-
terpreted through the language of Directly Acyclic Graphs (DAG) as proposed by
Spiegler (2016), where agents are modeled as misperceiving the causal links across
the parameters and variables in the model, thereby making decisions based on a sub-

jective model (as opposed to the true DAG). In this paper, when agents are paired

9This also implies that definition 1 is a special case of Berk-Nash equilibrium (Esponda and
Pouzo (2016)).

11



outgroup, they disregard the causal links that indirectly determine the final out-
come (the expected payoff)—specifically, the characteristics of their opponent. For
a given match, the individual characteristics of the agents are the sole parameters
that truly determine the actions chosen by the players. However, when ¢ is paired
outgroup, she disregards the type of ¢(i) and instead focuses on ¢(i) belonging to
the outgroup.

Outgroup Homogeneity Effect. The outgroup homogeneity effect is most com-
monly defined as the tendency to perceive ingroups as relatively more variable than
outgroups (Judd and Park, 1988). We propose a stylized modeling of this effect
through the consistency of expectations, where agents are required to hold the same
expectations for all members of the outgroup. It should be noted that our approach
relies on the perception of homogeneous behaviors within the outgroup, rather than
the perception of homogeneous traits (or characteristics). This distinction allows us
to disentangle the perception of individual traits from the perception of behaviors.
The first instance could be modeled using standard tools of incomplete information,
as is often done in the statistical discrimination literature, while the second focuses
on the role of group “membership”.

To illustrate the difference between incomplete information and the outgroup

homogeneity effect, a version of global games is analyzed in the next section.

3 An Illustration with Global Games

In this section, coordination games in the vein of Rubinstein (1989) and Carlsson
and van Damme (1993) are analyzed. This illustration primarily aims to highlight
the different insights provided by the current framework in comparison to the more
standard cases of incomplete information, in particular the literature originated by
the latter paper.

Let the set of players be Z = (by,...,b,,dy,...,d,), where x,, = x4, = x) =

1
4n2-1-

El+4e)fork=1,...,n,and 0 < £ <

{z1,...,2,} for z =10, d.
Each agent must decide whether to Invest (I) or not (NI). Whenever i and j

Consider symmetric groups G, =

are matched according to ¢, the payoffs are given by the following matrix:

12



I NI
fErF.’Ej xi—l—xj $i+$j_
| bt o 1,0

NI[0,"2% —1 0,0

Note that player i’s best response is to choose [ if and only if player i’s expec-
tations are such that the probability of Invest being played is strictly greater than

_ mita;
1 - Zt

In this game, there are multiple Nash Equilibria. More specifically, there exists
at most one pair that necessarily plays (7, 1), namely the pair (b,,d,). For all
other possible pairs (i, j), three (Nash) equilibrium plays can be sustained: (I, 1),
(NI,NTI), or the mixed equilibrium where I is played with probability 1 — WT%
In contrast, under the equilibrium notion defined in (1), there exists a matching

¢ such that there is a unique equilibrium in which everybody invests.

Proposition 1 Given groups Gy, Gg, let ¢ be such that ¢(by,) = dy, fork =1,...,n.
Then, all players Invest (play I) in the unique equilibrium.

The result is driven by the pair (b,,d,) that finds it strictly dominant to play
Invest, and the fact that all agents are matched outgroup in an assortative fashion.
This can be seen as follows. Since all agents are matched outgroup and players
with characteristics x,, play I, every player ¢ expects the opponent to play Invest

with probability weakly above %: for each 7 € Z,
Bi(o)[1] =

S|

Then, both players in the match (b,_1,d,_1) must choose I. This is optimal for
both players in such a pair whenever they believe I to be played by their opponent

with probability greater than 1 — "’“""*1—;‘““1 = % — "T’lg, which is strictly smaller

than % This implies that, for each 1,

Bi(o)[I] >

3w

Reiterating the argument yields that, at each k£ between 1 and n — 2, the last n — k
agents must be playing I, which induces the pair (by_1, di_1) to also play I. Thereby

13



obtaining a unique equilibrium where everybody plays I (see the Appendix for the
full argument).'°

The definition of groups Gy and G4 as symmetric and with equally-spaced players
allows to illustrate starkly the logic of the argument in proposition 1, but it is
not necessary for the result to hold. In fact, this can be relaxed considering the
values xp = %(1 + ¢) for k = 1,...,n as thresholds over the real line and by
ensuring that: in each group there is a sufficient number of players between each
interval of consecutive thresholds; and there is a sufficient number of players with
characteristics above 1.

In order to state such conditions explicitly, I introduce the sequence of thresholds

(Z1) 0! where
y=—=04¢e), k=1,....,N—1, 2y =1, and Ty = 1+¢ (1)

where now 0 < ¢ < Let the set of players be Z/ = {b,d’}"_,, where for

1
4N2-1° 3 i ti=1
each 7, Ty, and Tq) are in (%1, ZNn41), and Ty, 1 possibly different Ta - Consider now
possibly asymmetric ordered groups, where G, = (z;)}_;, for z = ¥',d". Provided
that at least one player in Z’ has characteristics strictly above one, the following is

established:

Proposition 2 Let x; > 1 for some i € T'. Consider ordered groups Gy, Gy, each
with n > 1 players. Let ¢ be such that ¢(b;) = d;, for j =1,...,n. If, for some
N > 1, the sequence of thresholds (iy)n " defined as in (1) is such that, for each
group, the number of players with characteristic in [Ty, Tr41) is non decreasing as

k increases from 1 to N, then all players Invest (play I) in the unique equilibrium.

Proposition 2 extends the insights of proposition 1 to asymmetric groups where
the characteristics of the players follow less specific assumptions, following the same
logic. Still, a lot of structure is imposed on the set of characteristics of the players.
In particular, for each group, the number of players with characteristics in [1,1 4+

¢) —which are induced to play I due to the assortative matching— should be no

0The logic of the argument in Proposition 1 is reminiscent of Winter (2004), where a designer
can uniquely implement the desired strategy profile by choosing a bonus that makes an action
strictly dominant for one agent, so that progressively lower bonuses are needed to ensure that
all agents’ best responses are single-valued, given the bonus scheme and the actions of the other
players in the organization.

14



smaller than the number of those with characteristics in [2=1(1 + ¢),1). Although
demanding, the condition ensures that the results of proposition 1 hold for non-
generic cases. The condition becomes less demanding as the set characteristics
becomes “denser”. The argument (detailed in Appendix) follows the same logic as
the proof of the previous proposition.

The literature stemming from Carlsson and van Damme (1993) is typically con-
cerned with equilibrium selection under incomplete information. Carlsson and van
Damme (1993) show that the risk-dominant Nash equilibrium is selected in coordi-
nation games when payoffs are perturbed. In this paper, players perfectly observe
the payoffs of the game, but the outgroup homogeneity plays a similar role to the
noise. Proposition 1 selects the payoff-dominant Nash equilibrium, rather than the
risk-dominant one.'! However, this is driven by the fact that the characteristics of
the players are skewed towards positive values.

To illustrate this, the following remark establishes that if characteristics are
skewed towards negative values, the equilibrium where no player invests would be

selected.

Remark 1 Forz € {b,d}, let G, = (z,..., 2,) wherex,, = —¢ and x,, = %(1—¢),
k=1,...,n—1. If ¢ is such that ¢(bx) = dy, for k =1,....n. Then, all players

not investing (play N1) in the unique equilibrium.

The argument is analogous to the argument in proposition 1: pair (b,,d,) finds
it dominant to play NI. Then §;(c0) < ”T_l and so the pair (by,d;) must play N1 as
well. This in turn induces (bq, ds) to play NI and so on and so forth. The remark
clarifies that the key insight of this illustration is the uniqueness of the equilibrium,
rather than the specific equilibrium that is selected.

The analysis of this illustration is somewhat similar to Steiner and Stewart
(2008). They study long-run outcomes of learning in a (large) family of games un-
der complete information, where players’ beliefs in one game are formed by extrap-
olation from similar games. In the context of coordination games, they show that a
unique equilibrium play is selected in games where multiple equilibria could arise.
This occurs through propagation from games where there is a unique equilibrium.

This is not too far from the procedure that establishes uniqueness in Proposition 1.

UIn this illustration, the Nash equilibrium (NI, NI) risk-dominates (I, ) when z; + z; < 1.
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The pair (b,,d,) has a strictly dominant strategy, which affects the expectations of
the pair (b,_1,d,_1), rendering their best response single-valued, and so on and so
forth. The key modeling difference is that, in this paper, expectations are formed
based on the aggregate behavior of the outgroup, rather than extrapolation across

similar games.

Unobservable matching and Bayes-Nash equilibrium. It is worth stress-
ing that the uniqueness result cannot be obtained under the standard paradigm,
even when there is a random matching and its realization is not observed by the
players.

Let 1 € A® be a probability distribution over the matchings in ®. The proba-
bility that player ¢ € Z is matched with player 7 € Z is denoted by

pig = Y L= ile).

Pcd

Clearly, no player can be matched with themselves, i.e., y;; = 0, and all players
must be matched: for all 4, >z p;; = 1. Also, pi;j = pj,;. It is assumed that p is
common knowledge, but players do not observe the realization of pu.

The Bayesian game can be seen as follows. Nature picks the matching ¢ accord-
ing to pu. The probability distribution p and the characteristics (z;);ez are common
knowledge. No player observes the move by Nature, nor does any player receive a
signal about it.!?

As usual, let —i be a shortcut notation for all players other than ¢. Given
o € (AA) and x € X7, the expected utility of player i in the Bayesian game is
defined as

Ui(oi,0-i;mi,0-) = Y pigUs (03,053 71, 75)

jET

= U, (Ui; Z i 5055 L, Z Ni,jxj)

jeT jeT

12 An alternative modeling approach entails assuming that agents receive a fully revealing signal
when they are matched ingroup and no signal otherwise. For the current illustration, this alter-
native way of modeling the Bayesian game would not change qualitatively the results: the scope
is to show that a random unobservable matching cannot induce a unique equilibrium. Under the
alternative approach, one would then have to restrict attention to outgroup matches only, because,
conditional on a pair receiving a fully revealing signal, multiple strategy profiles can be sustained
in equilibrium for that pair.
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where the equality holds due to the linearity of U; in o; and z;.
Note that the strategy of player ¢ cannot be conditioned on the type of player
j she faces. This effectively captures the notion that player ¢ does not observe
the type of the opponent, while knowing the distribution over types. From this
perspective, p can be thought of as the distribution over the finite set of types X.
The strategy profile o is a Bayes-Nash equilibrium (BNE) if and only if, for each
Uz‘(UmU—i;Iz',x—i) > Ui(UgaU—z‘;xmx—i); VU; € AA.
The following proposition establishes that there always exists a Nash equilibrium

of the Bayesian game where some agent is not playing Invest.

Proposition 3 For all p € A®, there always exist multiple Bayes-Nash equilibria.
In particular, there is always a BNE where everyone plays I and a BNE where some

player is playing Not Invest. That is, o is a BNE and 0; = {N1} for some i € T.

The result that o is a BNE and o; = {NI} for some ¢ € Z can be understood
in the following way. First, one can verify that the strategy profile ¢ where all
players choose NI is a BNE under some conditions on p. More specifically, if the
probability that b, is matched with d,, is weakly smaller than 1 — %, then such a
o is a BNE. Instead, whenever b, and d,, are matched with probability above this
threshold, it is necessarily the case that all other players are matched with b,, and d,,
with relatively small probability. Because of this, an equilibrium can be sustained
where all players choose NI, except for the players b, and d,,, who play I (for the
full argument for this equilibrium in the Appendix).

The multiplicity of the equilibria can then be easily established by observing
that, not only is there a BNE where some player chooses NI, but there is also a
BNE where all players invest, for all x. This is readily verified by checking that [ is
a best response, given that all players are playing I: for each 4, I is best response,
given 0_; = ({1}),en fsy and p, if and only if

T+ ZjeI Hi, 5T

L= > o) 21~ 5

JET\{i}

T+ ie7 i i T;

5 is positive for all u. Thus, o; = {I} for

which is always true because
all 7 is a BNE.
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Therefore, there is an equilibrium where all players invest in the Bayesian game
that has been introduced above, where the matching is unobservable and the prob-
ability distribution over matchings is common knowledge. However, no matching
nor mixture over matchings can generate a unique (Nash) equilibrium for such a
Bayesian game. This is in contrast with the findings of Proposition (1), which shows
that, under the outgroup homogeneity effect, all players investing is the unique equi-
librium when the right matching is picked.

One of the main reasons for this difference in equilibrium is that, under out-
group homogeneity, players’ expectations on the opponents are disentangled from
the characteristics of the opponents. Players observe the characteristics of their
match, but make no inference on her behavior based on such characteristics. More
specifically, under the outgroup homogeneity effect, a player ¢ mistakenly believes
the behavior of the opponent to correspond to the aggregate behavior in the out-
group, despite the correct assessment of w;(-, -;x;, T4(;)), where ¢(i) ¢ G(i). This
allows to induce b, and d,, to play Invest uniquely by matching them together, while
affecting every player’s expectations by matching all players outgroup. Whereas,
in the Bayesian game, whenever b, and d,, are matched with probability one, their

behavior cannot affect the beliefs of other players.

Extensions. This illustration is intended to clarify the difference between a
Bayesian game with unobservable matching and the outgroup homogeneity effect,
as introduced in Section 2. The current analysis relies on specific assumptions about
the payoff-relevant characteristics of the players, which allow to make the point is
an immediate way. However, the illustration also draws a parallel between the in-
formation structure in coordination games and the outgroup homogeneity effect.
Carlsson and van Damme (1993) relies on noise that follows a continuous distribu-
tion. To explore the differences more deeply with the literature on global games,
the current illustration could be extended to allow for a continuum of players with
individual characteristics distributed over some subset of the real line, including

agents with characteristics both below 0 and above 1.
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4 An Application to Organizations

This section considers a simple setting of (pure) moral hazard in teams (Holm-
strom (1982)). A designer, who knows the agents’ costs, matches agents into teams.
Agents are risk-neutral, and there is limited liability. The usual channel for incen-
tivizing effort is through a bonus scheme. To focus on the optimal matching that
arises when the outgroup homogeneity effect plays a role, this channel is shut down
by assuming a fixed bonus scheme.

Agents are divided into groups, which can be thought of as subdivisions of the
organization. The coarse expectations in this application can be interpreted as the
shared view of agents in one subdivision about the performance of those in another
subdivision. The idea that culture can be identified as a shared view within the
organization is proposed in Pettigrew (1979) and discussed more recently in Gibbons
and Prusak (2020). Gibbons et al. (2021) study the effect of shared cognitive frames
in interactions and relate this to culture in organizations. From this point of view,
coarse expectations toward other subdivisions can be interpreted as a byproduct of
the organization’s culture (a subculture for each subdivision, with each subculture

arising through the same process).

Strategic environment. Consider a setting with n identical two-person tasks
characterized by ¢ € (0, 1), a parameter that captures the intensity of strategic com-
plementarity in the tasks, and a finite set of heterogeneous agents, Z = {1,...,2n}.
Agent ¢ exerts effort e; € [0,¢€] at a cost ¢;(e;) = $Z§, where z; € [z,Z] C Ry, so
agents differ in their cost of effort. Agents are ordered based on their characteristics:
x1 <9 < -+ < g,. A profile of efforts is defined as e = (e, e, ..., €2,).

When two agents are paired, each is rewarded through a fixed bonus scheme:
each is paid 1 if the task is successful and 0 otherwise. Therefore, when agent i is

matched with agent j, her utility is given by:
ui(ei, ej; i, x5) = E[bi] — ci(e;)

where b; is the agent’s bonus. As a consequence of the structure of the bonus

scheme, the expected bonus E[b;] is simply equal to the probability of success of the
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task. The probability of success is assumed to be determined by the function

e; +e; +tee;
2e + e

p(ei’ ej)

which is linear in the effort of each agent and is normalized to ensure that it lies
between 0 and 1. The cross derivative of p() with respect to the efforts of the
agents is equal to ¢, thereby implying that ¢ represents the degree of strategic

complementarity by construction.'3

Designer’s Problem. A designer knows the agents’ characteristics and faces the
problem of finding the matching ¢ € ® that maximizes the sum of the probabilities
of success of the tasks. More formally, the designer’s problem is the following: given
t e (0,1),

max ), plei ;) (2)
(i.j)€d

where ¢; and e; are the efforts exerted by agents ¢ and 7 when they are paired.
The characteristics of the agents and the intensity parameter ¢t are common

knowledge. The intended sequence of events is as follows: the designer chooses

the matching; agents observe the matching and choose effort simultaneously; the

outcomes of the tasks are realized and observed; payments are made.

4.1 Groups and equilibrium notion

Let the set of agents Z be partitioned into two groups, G; and G5. As before, given
a match (i, 7), agent i’s expectations regarding effort are denoted by f;(e). Since the
utility of agent ¢ is linear in the effort of the opponent, agent i only cares about the
mean expected effort, E[5;(e)] € [0,€]. With slight abuse of notation, 3;(e) is used
to denote the mean expected effort. Given a matching ¢, a profile of expectations
is denoted as 5 = (5;(€))iez-

As before, [ is said to be consistent with e, given ¢, whenever for all 7,

€4 (i) (i) € G(i)
i) =
. . .
Zj’eG(¢(i)) ECIO) o(i) & G(i)
13When U; is twice differentiable, the degree of strategic complementarity is given by 88;5;]_

(see Vives (1999) for a textbook definition).
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where ¢(i) is the agent paired with ¢ under ¢.

Whenever agents are matched with outgroup partners, they form expectations
by aggregating the behaviors of all agents outside their own group G(i). Consis-
tency then implies that all agents in group G who are paired with someone in G’
share the same belief about the effort of their task-mate. Thus, agents in group G
share a common view of the behavior of agents in group G’. These shared views
can be interpreted as capturing the reputations of the various groups within the
organization. In particular, the mean action serves as the simplest representation
of aggregate behavior within a given group.

The description of agents as coarse within the organization might appear to be
in tension with the notion of an omniscient designer who can foresee the effects
of various matchings in order to identify the optimal one—particularly so when
the organization comprises many agents. However, the designer, being aware of the
underlying coarseness in the organization, can be interpreted as experimenting with
different matchings over time, receiving feedback on their effects, and gradually
improving the objective function. This process eventually leads to the optimal
matching. An iterative procedure that the designer might follow to implement
this approach in the context of symmetric groups with a large number of agents is

discussed at the end of subsection 4.3.

4.2 Analysis

This section first establishes the existence and uniqueness of equilibrium. Then, it
investigates the designer’s problem.

In the equilibrium analysis, the matching ¢ is held fixed. Given ¢, agents interact
in pairs in a simultaneous game with complete information.

The Nash equilibrium can be derived as follows. The assumptions z > 1 and
e > 1 ensure that, for each 7, the best response lies in the interior of the action
space. This is because the utility function of agent i is strictly concave in e;, given

ess) € [0,€]. The best response is thus:

B 1+ te¢(,;)
— .

i
where ¢; = z;(2e + €2), for convenience of notation.
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The resulting unique Nash equilibrium requires that, given ¢, for each 1,

Co(i) T t
NE(4) = ¢(%) .
CiCo(i) — 1t

This is also the equilibrium attained under Definition 1 when ¢ matches all
agents ingroup. More generally, the effort exerted in equilibrium by an agent i € [ g
coincides with the effort prescribed by the Nash equilibrium. The aggregate effort

exerted by all agents interacting ingroup in G can thus be written compactly as

Co(i) + 1T
=y 0 3
(=Y ©

i€l
The following result establishes that, for G; and G5, there exists a unique equi-

librium under the same assumptions used in the Nash equilibrium analysis.

Proposition 4 Consider the strategic environment, groups (G1,Gs), and a match-
ng ¢. If £ > 1 and e > 1, there exists a unique equilibrium as defined in 1, where

for each G, and for each i € G, the equilibrium efforts are given by

Co(iy +t o @
ex(d) = § oo V1E€TG
! 1+tn0 (¢)

Ci

otherwise

where g (¢) denotes the average effort in the group G' # G, defined as
¢ 1 1 @ 1
|G <€<IG’) - ZiEOg, c7~> ti (Zieog, a) (e(IG) t Zz‘eog cT-)
1 1
NG~ (Ticop &) (Sicop, &)

ner () = (4)

The equilibrium efforts and expectations are derived using standard techniques
(see the Appendix for details), while uniqueness follows from the fact that the best
response is single-valued due to the strict concavity of the utility function and the
assumptions x > 1 and e > 1, which are assumed to hold for the remainder of the
paper.

Notably, the average effort in group G is unaffected by how agents are paired

outgroup. That is, n¢(¢’) = na(¢) whenever the ingroup pairings are unchanged.
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More formally, ng(¢') = na(¢) if, for each G' € {G1,Gs}, (i) ]g, = [{,, and (i)
i € I?, implies that ¢/ (i) = ¢(i).

This property reflects the fact that the utility of agent ¢« does not depend directly
on the characteristics of the opponent, namely z4;. This can thus be interpreted
as a framework with private values.

This contrasts with the global games framework discussed in Section 3. The
distinction matters: in a private values framework, whenever all agents are matched
outgroup, the equilibrium defined in Definition 1 can be replicated in a Bayesian
game in which any agent in group G is uniformly randomly matched with agents in
group G’, and the realizations of the random matching are not observed.'* However,
the equilibrium may still differ when some players are matched ingroup and others
outgroup, because the behavior of ingroup pairs in G affects the aggregate behavior
in G and thus the expectations of all agents matched outgroup in G’. This is

illustrated in the following example.

Example 1 Consider the set T = {by,dy,bs,ds,bs,ds}, with ¢, = cq, = ¢ for
k=1,2,3 and c3 > co = c1 + &, where £ > 0 is arbitrarily small. Note that ﬁ S

an upper bound on the level of effort that can be sustained in any equilibrium, with

¢ and G, G’ varying. Similarly, CB% 1s a lower bound on the level of effort that can

t
be exerted in equilibrium, letting ¢ and G, G vary.

Let the groups be given by G, = {z1, 22, 23} for z =b,d. Consider the matching
¢, where in each group the agent with the highest cost is matched outgroup, and the
other agents are matched ingroup. Specifically, O‘éz = {z3} and ]gz = {21, 20} for
z=10,d.

In this example, such a matching induces the agents matched ingroup to exert the
mazximal effort achievable (as & — 0), and it induces the agents matched outgroup
to overexert effort.

More precisely, the equilibrium efforts of the agents matched ingroup are approz-
imately ﬁ, since & is close to zero. This is the upper bound on the equilibrium
efforts.

In contrast, the agents matched outgroup best respond to the average effort in

the outgroup. Following Proposition 4, the average effort in group G can be found

14n Section 3, it is shown that in a setting without private values, the equilibrium notions can
differ even when all players are matched outgroup.
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by applying equation (4 ), which yields

NQL—FL_ 2C3+Cl—t

77G(¢) ~ ;)1__ técg o (Cl — t)(?)Cg - t) .

The average effort is the same in both groups and is greater than the effort exerted
in equilibrium by agent i € {bs,ds}. This is because e;(¢) < ng(¢) if and only if
ne(¢) > ﬁ, where i € {bs,ds}. The latter inequality always holds because Cslft is
a lower bound on the equilibrium efforts.

Thus, by choosing ¢, the designer can induce the agents with the highest costs
to overexert effort (compared to the actual effort chosen by their match), while the
other agents exert effort levels that are approximately at the upper bound of efforts

that could be sustained in any equilibrium. W

This example shows that the designer can induce overexertion of effort by match-
ing low-cost agents within the ingroup and high-cost agents within the outgroup.
Such a level of overexertion cannot be replicated in a Bayesian game where the
matching is unobserved. This is because inducing high effort from efficient agents
requires them to believe they are likely matched within the ingroup, which, in
equilibrium, implies that the least efficient agents know they are matched (in the
outgroup) with another inefficient agent with high probability. Therefore, the fact
that groups in the organization rely on aggregate statistics about the outgroup—as
captured by coarse expectations—enables the designer to achieve a level of overex-
ertion that cannot be replicated simply by not disclosing information about the
matching under the standard paradigm.

The analysis now turns to the problem of choosing the matching that would
maximize the overall probability of success of the tasks. Given ¢t € (0,1), the

designer’s problem is given by

max plei(@), e;(9)) (5)

where ¢;(¢) denotes the effort exerted by agent i according to Proposition 4. When-
ever a matching is a solution to the maximization problem in (5), it is referred to
as an optimal matching.

The example above illustrated that the designer can induce overexertion of effort,
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one of the key forces shaping the designer’s problem. Another important force is the
supermodularity of the objective function. While this property will be discussed in
detail later, it can be roughly interpreted as the designer’s preference for matching
agents across the organization so that efforts are aligned in a positively assortative
fashion.

The following definitions formally introduce the concept of assortative match-
ing within this framework. Since matchings can occur either within the ingroup
or the outgroup, we distinguish between two types of assortativeness: one-sided
assortativeness, which refers to assortativeness within the ingroup, and two-sided

assortativeness, which considers assortativeness across both groups.

Definition 2 Let I C Z. The matching ¢ € ® is said to be one-sided assorta-
tive in I if, for each v € I,

1. o) eI,
2. there is no j € I such that min{c;, cy()} < ¢j < max{c;, coe)}-

Definition 2 states that ¢ is one-sided assortative in some subset [ if all agents
in I are paired with another agent in I, and they are paired in order of their costs
of effort.

Definition 3 Let I, I5 be ordered subsets of Z with the same cardinality and let i
denote the i-th element in I, for I € {I;,Iy}. The matching ¢ € ® is two-sided

assortative in I, x I, if,
1. foreachi €I, ¢(i) € I, for I' # 1 € {1, 15},
2. for each (iy,i3) € ¢ N (11 X Is), i1 = 1.

Definition 3 states that a matching is two-sided assortative in I; x Iy if for all
1 < m < |L], the agent in the m-th position in I; is paired with the agent in the
m-th position in Is.

Some necessary conditions for the optimal matching can now be established

(note that existence is guaranteed by the finiteness of the set ®).

Proposition 5 Consider the strategic environment and groups (Gy,Gs). Let ¢ be

an optimal matching. Then:
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1. for each G, if Ig 1s non-empty, then ¢ is one-sided assortative in Ig;
2. if Ogl 15 non-empty, then ¢ is two-sided assortative in Ogl X OgQ.

Conditions (1) and (2) in the proposition suggest a preference for assortative-
ness in the optimal solution. Specifically, the matching is one-sided assortative in
each set of agents paired ingroup and two-sided assortative in the sets of agents
paired outgroup. This preference for assortative matchings depends on both su-
permodularity of the objective function in the efforts of the agents and strategic
complementarity. More precisely, condition (1) is mainly driven by the strategic
complementarity of the best response, whereas for condition (2) the key property
that plays a role is the supermodularity of the objective function (as each player
matched outgroup best-replies to the average effort in the outgroup, regardless of
the cost-type of their match).

by the supermodularity of the objective function in the cost of efforts of the
pairs (see the Appendix for details), together with the strategic complementarity
of best responses. Conditions (1) and (2) specify how agents are matched, keeping
fixed the sets of agents matched ingroup and outgroup.

The next proposition provides (partial) conditions indicating whether agents

should be paired outgroup or ingroup in the optimal matching.

Proposition 6 Consider the strategic environment and groups (G1,Gs). Let b,b' €
Gp and d,d € Gp, for B# D € {1,2}. Let ¢ be an optimal matching. Then:

3. There are no pairs (b,d), (V',d") € ¢, where ¢, # ¢y or cq # cqr, such that

e min{cy, cy } > max{c,, cy}, and
o min{eq(9), e (0)} > max{ng, (¢),16,(¢)};

4. There are no pairs (b,0),(d,d') € ¢, where ¢, # cy or cq # ca, such that

e min{cy,cqy} > max{c, cq}, and

o max{ey(9),eq(d)} < min{ng,(¢),na,(0)}-

Condition (3) states that there cannot be two outgroup pairs where all agents

are exerting efforts above average, provided that the costs of the agents in one group
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are greater than those in the other group. In such a case, the designer could improve
the objective by forming ingroup pairs. Analogously, condition (4) states that there
cannot be ingroup pairs where all agents are exerting efforts below average, provided
that one agent per group has a lower cost than the remaining two agents. In this
case, the designer could improve the objective by forming outgroup matches.

The main difficulty in fully characterizing the optimal matching arises from
a potential trade-off between two forces: (i) the supermodularity of the function
p(+, ), which favors assortative matching on efforts, regardless of grouping, and (ii)
the overexertion of effort induced by the outgroup homogeneity effect in equilibrium,
which favors pairing lower-cost agents ingroup while matching higher-cost agents
outgroup. Conditions (3) and (4) describe situations where these forces are aligned.

If the channel of the outgroup homogeneity effect is shut down, the optimal

matching is readily found. This is established in the following corollary.

Corollary 1 Given the strategic environment and groups G =Z and G' =, ¢ is

a solution to (5) if and only if ¢ is one-sided assortative in T.

The “only if” direction of the statement is a special case of condition (1) in
Proposition 5, applied to the set Z. This establishes that, given the groups specified
in the corollary, any solution to the designer’s problem (if it exists) must be one-
sided assortative in Z.

The “if” direction follows by noting that a solution must exist because ® is
finite, and if more than one matching is one-sided assortative in Z, they all yield
the same value for the designer.

The result in Corollary 1 provides a solution to the designer’s problem in the
standard case (Nash equilibrium), and is reminiscent of the positive assortativeness
in marriage markets with complementarities established in Becker (1973), with two
caveats: in this framework, efforts are endogenously determined, and the matching
occurs between agents within the same group.

The result in the corollary may be used as a benchmark, since the value of the

designer’s objective function in this case corresponds to what would be obtained if

agents always formed correct expectations.

15The only case where two matchings ¢ and ¢’ can both be one-sided assortative in some set I
is when there are 4, j € I with ¢; = ¢; such that ¢(i) = ¢'(j) and ¢(j) = ¢'(4).
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The following remark clarifies that there is scope for improving upon the bench-

mark just established.

Remark 2 Ifn > 1 and ¢; # ¢; for some i,j € I, then there exist groups G, G
and a matching ¢ such that the designer’s objective function attains a value strictly

greater than in the benchmark in Corollary 1.

This is readily verified by taking the groups G; = {|Z|} and Gy =Z \ G;. Let ¢
be the matching where every agent in G5 is paired assortatively within G, except for
the agent with the second-highest cost in Z, namely ¢/z/—;, who is paired outgroup
with the agent with the highest cost, ¢jz;. Then ¢ yields a higher value than the
benchmark. This is because all pairs other than (|Z| — 1, |Z]|) exert the same efforts
in both cases, while agent |Z| necessarily exerts higher effort as she best-replies to
the average in Gy, inducing a higher effort from agent |Z| — 1, thereby ensuring
a higher value for the designer’s objective function compared to the benchmark.
Remark 2 shows that the outgroup homogeneity effect can, at times, be exploited
by the designer.

The discussion above considers only cases in which the trade-off is shut down.
Either the outgroup homogeneity effect cannot arise (when one group is empty),
or the choice on the number of outgroup matches is forced (when one group is a
singleton). What follows considers another special case in which the groups are
identical. This case, however, allows the trade-off faced by the designer to be
analyzed.

Groups G and G’ are said to be symmetric if G = G'.

In this special case, for each agent in (7, there is an identical agent in G,
and in order to fully exploit the supermodularity of p(:,-), the matching should
pair identical agents together. However, under this setting, it is impossible to fully
exploit supermodularity without forming some outgroup matches. In this sense,
symmetric groups provide a simpler environment that is still rich enough to capture
the essence of the trade-off.

To illustrate this intuition, consider the setting presented in example 1, where
the set of players is T = {by, d1, ba, do, b3, d3}, with ¢, = ¢4, = ¢ for k =1,2,3, and
c3 > co = c1+&, with € > 0, and the groups are symmetric. That is, G, = {z1, 22, 23}
for z = b, d.

k
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Letting & vary between 0 and c3 — ¢y, the full range of values for ¢, is covered.
There exists a threshold 0 < f < ¢3 — ¢q such that the optimal matching consists
of matching the ¢; and ¢y agents ingroup in each group and the c¢3 agents outgroup
when £ < é, while for & > é, the optimal matching requires that all agents be
matched outgroup assortatively.

To clarify the underlying mechanism, suppose c3 is very large, so that the equi-
librium effort of any agent with cost c3 is close to zero, regardless of the matching.
If € is close to c3, then agents with cost ¢y also exert effort close to zero regardless
of the matching. In this case, if the more efficient agents with cost ¢; are matched
ingroup, they best-respond to an effort close to zero by choosing an effort close to
é. By contrast, if they are matched outgroup, they best-respond to the average
effort, which is approximately %, and thus overexert effort.

Note that this is a setting with private information. When the designer’s optimal
solution requires matching all agents outgroup, the resulting equilibrium behaviors
can be replicated in a Bayesian game in which the matching is undisclosed and
agents are uniformly randomly matched outgroup. However, when the optimal solu-
tion involves matching the most efficient agents ingroup and the rest outgroup, this
structure cannot be implemented in a Bayesian game with undisclosed matching.
The reason is that the ingroup matches raise the average effort, thereby inducing
overexertion from outgroup matches. In order to elicit high effort levels from the in-
group matches, the matching must be disclosed to those agents. Yet such disclosure
prevents the generation of overexertion in a Bayesian setting, as outgroup matches
no longer factor in the ingroup when forming expectations about the effort of their
match. From this perspective, the optimal solution in this setting yields a value
for the designer’s objective function that cannot be replicated in a standard setting
in which the designer can choose the (possibly mixed) matching and whether to
disclose it to each pair.

The structure found to be optimal in the setting of example 1 is conjectured to
extend to symmetric groups with n > 3 agents. That is, there exists a threshold
such that all agents with costs above (below) the threshold are matched outgroup
(ingroup) assortatively. The next section analyzes the continuum case, viewed as
an approximation of a large population, in order to verify this conjecture in that

setting.
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4.3 Large Organization

The case with a large number of finitely many agents in the organization is ap-
proximated by taking a continuum of agents for each group. This requires defining
a matching over a continuum of agents. Following Gretsky et al. (1992), Gretsky
et al. (1999), Noldeke and Samuelson (2018), and Greinecker and Kah (2021), a
distributional approach is used to model large organizations (as introduced by Hart
et al. (1974) for large economies in the context of general equilibrium), where agents
are formally identified by their characteristics and treated as perfectly divisible.

More precisely, a group G is defined as a continuum over the interval of costs
[c, ¢] with positive and finite Borel measure vg. Two groups are considered, G,
and G, with measures vg, and vg,, respectively. The measure of agents in the
whole organization is given by the Borel measure v = vg, + vg,, which means
that for any Borel set B C [c, ¢, then v(B) = vg,(B) + vg,(B). In terms of
interpretation, the specific values of the measures are inconsequential, while if the
ratio v, (G1)/va,(G2) > 1, the interpretation is that group Gy is larger than group
Gs.

Since both ingroup and outgroup matches are allowed, ¢ is referred to as a
matching structure (Iny, Outy, Ing, Outs; ¢o, P1, ¢2), which is defined in two steps.

First, the matching structure ¢ separates group Gy, k = 1,2, into two Polish
subspaces, namely Ing—for ingroup matches—and Out,—for outgroup matches,

with Borel measures v, and vo., respectively, such that:
(1) v, (Ing) = vg, (Ing) > 0,
(i) vour, (Outy) = vg, (Outy) > 0,
(ili) vin, (Ing) + vour, (Outy) = ve, (Gk).

Also, the mass of players matched outgroup must be the same in the two groups:
Vout, (Outy) = Vour, (Outs). In accordance with the rest of the paper, all agents are
assumed to be matched. Recall also that the bonus scheme is fixed, so this is
effectively a setup of non-transferable utility.

Secondly, matchings (¢o, @1, P2) are introduced, where the first refers to out-

group matches, while the other two refer to ingroup matches for each group.
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(i) ¢o is a Borel measure on Out; x Outy with marginals ¢o (I x Outs) = vout, (1)
for all measurable I C Outy, and ¢o(Outy X I) = vou, (I) for all measurable

(ii) For k = 1,2, ¢y is a Borel measure on Ing X In; with marginals ¢ (] X
Ing) = vy, (I) for all measurable I C I'ny, and ¢y (Ing x I) = vy, (I) for all

measurable I C Ing.

The following continuity assumption is imposed on each of the matchings ¢y,
for k = O,1,2: let A be a Borel measure on A x B; if A C A (resp. B’ C B) is
an open interval with positive measure, then there exists some open B’ C B (resp.
A’ C A) such that A\(A’ x B') > 0.16

For a given matching structure ¢ = (Iny, Outy, Iny, Outy, ¢, 1, P2), the equi-

librium efforts are summarized by the following continuous functions: for (¢, ') €

I?’Lk X [nk,
d+t
I p— .
e(e,¢) = cd — %’
and for (¢, ) € Outy x Outy, we have
L+ tc;—t / L+ tcfl—t
e(c,chy) =—=—, and e(d,¢]) = ——— 6
(c.c) = —— (i) = — )
where ¢ is the value in [¢,¢] (which exists and is unique) that solves -1 = n(¢),

where 75 (), the average in group k = 1,2, is determined by

VGk (c[nk/ + CO’LLtk/) + tCOutk/ (Clnk + COutk)

VkaGk/ - t2COutkCOutk/

nk(¢) =

(7)

where

1 d+t 1
CInp, = 35 / d¢k<c7 cl)a Couty, = / - dVOutk (C)
2 Ing xIng Outy, &

cc — 2

16This assumption is called continuity based on the concept of continuity for functions, rather
than continuity of measures.
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The designer’s maximization problem is then defined as

¢ ’rLkXITLk

2
max [ Pl e dbolec )+ D2 [ plelerd).eld e doned)

st. ¢ = (In1, Outy, Ing, Outa, o, d1, ¢2) is a matching structure (8)

To verify that, in the setting with a continuum of agents, the optimal matching
¢ retains the assortativity properties established in Proposition 5, the following

definitions are introduced.

Definition 4 Given the matching structure ¢, let Iny have positive measure vy, >
0 for some k. The matching ¢r,, is said to be one-sided assortative in Iny if, for
any open set I C Iny with vy, (I) > 0, it holds that ¢r,, (I X I) = v, (I).

This definition requires that agents are matched among themselves within any
open subset of the ingroup with positive measure.
The matching structure ¢ cannot be optimal unless it is one-sided assortative

in both Iny; and Ins, as a local improvement would otherwise be possible.

Lemma 1 Suppose that, for some ¢ and some k € {1,2}, the matching ¢y, is not

one-sided assortative in Iny, where vy, > 0. Then ¢ cannot be optimal.

The argument is provided in the Appendix. The necessity of one-sided assorta-
tiveness arises from strategic complementarities. When ¢, is one-sided assortative
in Ing, for k = 1,2, cost-type ¢ agents are matched with others of the same cost-type
¢, and the equilibrium effort within the ingroup is given by the function e(c, ¢) = ﬁ

To define outgroup assortativity, it is useful to introduce a form of quantile
distribution over characteristics for the agents matched outgroup in each group k,
denoted Q. Let Q?(c) be the measure of the set Out), N [c,c. Note that Q7 (c)

increases (weakly) as ¢ decreases, and that Qf(c) = v(Outy,).

Definition 5 Given ¢, suppose Outy has positive measure. The matching ¢o s
said to be two-sided assortative in Out; X Outs if, for any interval (¢ — e,c + ¢€)
with vou, ((c—e,c+¢€)) > 0, there ezists an interval (¢ — €', +€") with vou, ((¢ —
e, +€)) >0 such that po((c—e,c4e) x (¢ =&, +€')) > 0 and Q7 (c) = Q3(c).
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The next lemma establishes that a matching structure ¢ cannot be optimal if it

is not two-sided assortative in Out; x Outs,.

Lemma 2 Suppose that for some ¢, ¢o is not two-sided assortative in Outy; X Outsy,

where vy, > 0. Then ¢ cannot be optimal.

The argument (in Appendix) relies solely on the supermodularity of the objec-
tive function of the designer, while strategic complementarity plays no direct role
because types that are matched outgroup best reply to the average effort in the
outgroup. Thus, the type of the match affects the effort exerted by type ¢ only
insofar as it alters the average in the outgroup. However, for fixed sets Out; and
Outy, the specific distribution induced by ¢o over Out; x Outy does not affect the
average effort (as evident from equation (7)).

Lemmas 1 and 2 ensure that the optimal matching structure must be both
one-sided and two-sided assortative.

A matching structure ¢ = (Iny, Outy, Ing, Outy, o, ¢1, P2) is said to be assor-
tative if ¢ is two-sided assortative in Out; x Outy and ¢y, is one-sided assortative
in Ing, for k =1,2.

For what follows, symmetric groups are considered, assuming that the sets Gy
and G9 are identically distributed (vg, = vg,). Under symmetric groups, the op-
timal matching can be identified by solving a threshold problem: cost-types below
the threshold are matched ingroup, while those above are matched outgroup.

The next proposition identifies two thresholds on cost-types and establishes
that an optimal assignment must match almost all types with cost below the lower

threshold ingroup, and with cost above the upper threshold outgroup.

Proposition 7 Let groups be symmetric. Consider some assortative matching

structure ¢ and let m1(¢) > na(¢), and denote by ¢} = Itﬁ’;(f) (so that ¢; < c).

Consider the following conditions:

1. For each k = 1,2, there is a measure-zero set of types matched outgroup with

costs below ¢, or vou, ((c,c;)) = 0.

2. For each k = 1,2, there is a measure-zero set of types matched ingroup with

costs above ¢, or v, ((c3,¢)) = 0.
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If condition 1 or 2 is not satisfied, then ¢ cannot be an optimal matching structure.

The argument is detailed in the Appendix. Proposition 7 can be interpreted as
the continuum counterpart of the necessary conditions established in Proposition 6
for a finite setting.

The next proposition shows that optimality requires the thresholds ¢} and c; to

coincide. That is, the optimal assignment must satisfy a unique-threshold property.

Proposition 8 Let groups be symmetric. Consider a matching structure ¢ with
(@) = m2(). If m(¢) # m2(), then ¢ cannot be optimal.

Proof. Assume by contradiction that ¢ is optimal and 7;(¢) > n2(¢), so that
c; < c.

By Lemmas 1 and 2, ¢ is assortative. By Proposition 7, almost all types with
¢ < ¢} are matched ingroup, while almost all types with ¢ > ¢ are matched outgroup
in both groups.

The equilibrium effort for ingroup matches of cost-type ¢ in group k is given by

erm,(c,c) = ﬁ, while for outgroup matches it is given by

1
ITigm g 1

* —_— —
eout,, (€, Cry) = . iar—t
k/

Then for any ¢ € (¢}, ¢3), we observe:

(i) If ¢ € Iny and ¢ € Ing, then egy,, (¢,¢) = erm,(c,c) =

(ii) If ¢ € Iny and ¢ € Outs, ¢ < ¢ = e, (c,¢) = 2= < %0*1 - = €out, (¢, 7).
(iii) If ¢ € Outy and ¢ € Ing, ¢ > ¢ = eow, (¢, ch) = %C;_t < ﬁ = e, (c, C).

(iv) If ¢ € Outy and ¢ € Ing, then ¢f > ¢5 = eou, (¢, ¢3) < eou,(c, ).
Properties (i)—(iv) together imply that the effort for any ¢ € (c},c}) is weakly
smaller in group 1 than in group 2. Property (iv) extends this to types with ¢ > ¢},
so efforts are strictly higher in group 2 on (¢f, ¢|. Property (i) also holds for ¢ < ¢f,
and thus on the full region [c, ¢}).

Therefore, for all ¢, effort is weakly higher in group 2 than in group 1—and

strictly so on a set of positive measure. This contradicts the assumption that

(@) > n2(¢). _
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Propositions 7 and 8 confirm the threshold property for the optimal matching
among symmetric groups: average effort is the same in both groups, 71(¢) = n2(¢) =
n(¢), and there exists a threshold ¢* such that

with almost all types with cost below (respectively, above) ¢* matched ingroup
(respectively, outgroup).

By imposing the additional condition that the total mass in each group is 1,
the distribution within each group is described by a probability density function
f, with cumulative distribution function F. When f is absolutely continuous over

¢, €], the designer’s maximization problem reduces to choosing ¢* that solves:

max éﬁdc—l—/éé‘f(—@alc.

¢ J, c— cc—t

This formulation implies that types matched ingroup exert effort strictly above the
average, while those matched outgroup exert effort strictly below. Effort for types
at the threshold ¢* coincides with the average, i.e., er,(c*, ¢*) = eou(c*, ¢*) = n(9).

This property also rules out threshold values at the extremes of the support
¢, ¢]. If all types are matched ingroup (¢* = ¢), the average effort becomes E [ﬁ},
which is strictly greater than % Therefore, the threshold must lie strictly below
¢, and the designer can strictly improve upon the equilibrium outcome with full
ingroup matching.

[IS]imilarly, if all types are matched outgroup (¢* = ¢), the average effort becomes

E[L 1

—, which is strictly smaller than — (since ¢ > 1). Hence, the threshold must
1-tE[2] c—t

also be strictly above c. Note that under this private-value framework, the equilib-

rium induced by full outgroup matching coincides with the outcome of a Bayesian
game where types are uniformly randomly matched. Thus, ¢* > ¢ guarantees that
the designer can strictly improve upon the corresponding Bayes-Nash equilibrium.

Finally, the symmetry condition established in Proposition 8, together with
Condition (1) in Proposition 7, suggests a natural iterative procedure to identify
the optimal threshold. This procedure assumes throughout that ¢ is symmetric

and always both one-sided and two-sided assortative, in line with Lemmas 1 and 2.
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The next proposition introduces this procedure and shows that: (i) the sequence
must converge, and (ii) at any steady state, the resulting efforts, mean efforts, and

threshold coincide with those characterized in the framework above.

Proposition 9 Consider the following procedure:

e [teration 0. All agents are matched ingroup (threshold 7o = ¢), and the match-
ing ¢o is one-sided assortative in Inl, for both G. The average effort, namely

(7o), is equal to E[-1].

e [teration k. Given 71, ¢r_1, and n(7r_1), the efforts exerted by the agents

are summarized by the function:

1 .
prs if ¢ < T,

€t (G Thot, (M) = 4 T

c

if ¢ > T q.

— Step 1. Find 7, such that % = n(Tp—1)-

— Step 2. Consider the (assortative) matching ¢r that matches outgroup
all agents with cost ¢ > Ty, thereby obtaining, for fixed average n(mp_1),
the effort function:

L ifCSTkv

o (63 T, N(Th—1)) = iin(mil)

[

if ¢ > Tp.

— Step 3. Compute the average n(ty) = ff e, (¢ T, N(Ti—1)) fe(¢) de and

the effort function ey, (c; i, N(Tk))-

Consider the steady state 7, = Tj—1 = T, ¢ = Pp—1 = ¢, and (1) = n(T%—1) =
n(7) for some k. Then, for each G, ng(¢) = n(7), for each type c, the effort exerted
is given by ey(c;T,m(T)), and ¢* = T.

This procedure must converge.

The procedure allows us to find the optimal matching through the iteration of a
few simple steps. In particular, it simplifies the problem because at each iteration,

first a threshold is identified for fixed efforts and fixed mean efforts. Then, the efforts
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are recomputed for a fixed threshold and fixed mean efforts. Finally, the mean efforts
are computed for given efforts and threshold. Throughout the procedure, the effort
function does not necessarily correspond to actual equilibrium efforts. However,
this must be the case in the steady state.

The convergence is established thanks to the fact that the procedure above
constitutes a Lyapunov system (strategic complementarity is necessary for this):
the threshold is weakly decreasing at each iteration, and it is bounded below by
¢, or alternatively, the mean effort is weakly increasing at each iteration, and it is

bounded above by i (see the Appendix for details). Furthermore, as observed

before, the threshold ¢* must necessarily be below ¢, so the procedure must stop
before reaching the lower bound for the threshold.

As mentioned before, this procedure can be seen as a guideline the designer
might follow to improve over time his objective function and get closer to the

optimal matching.

5 Further Modeling Discussions

In this section I compare the results obtained through the current modeling ap-

proach with alternative approaches.

5.1 Endogenous Matching

Throughout the paper, the matching function ¢ is treated as exogenous from players’
perspective. Even in the application to organizations, the designer chooses the
matching function, but players treat it as given. It seems natural to analyze the
predictions that would be obtained were players allowed to match in a decentralized
fashion.

A general definition of pairwise stability in a setting with a continuum of agents
and matches that can be both ingroup and outgroup is beyond the scope of the
paper. In line with Greinecker and Kah (2021), I propose a notion of stability,
where a matching structure ¢ is said to be stable if, given ¢ and efforts profiles e?,
there is a positive measure of types ¢ that would like to rematch among themselves.
Similarly to the main set-up, I do not consider individual rationality constraints,

implicitly assuming that all types prefer to be matched rather than not be matched.
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Let the set of players have measure v > 0 and let groups GG; and G,, with
measures vg, = v(G7) and vg, = v(G2), be a partition of the set of players, and
the matching function ¢ be defined in the continuum as in subsection 4.3. Given
¢ = (Iny, Outy, Iny, Outs, ¢, ¢1, 2), I denote by e? the efforts exerted by any type

¢ matched with a type ¢’ according to ¢y, k = O, 1,2, and I denote by c,, the type
C¢ —‘rt
cc¢: —t2)
Lttn, (¢)

c )

for k # k' = 1,2. Then the effort profile e is a list (e?0,e?, e e??), where

€¢ = (€¢(C, C(;AS))CG[Q,EM for (5 = ¢107 (bQOa (bla ¢2-
In order for a type ¢ to consider to form a re-match (analog to a blocking pair),

¢ matched with ¢ in ¢. If type ¢ is matched ingroup in Gy, e®*(c,cy, ) =
k =1,2, if types are matched outgroup and type c is in Gy, 6‘75}5(0, cq%) =

I require agents to have access to the following data: given a matching structure
¢ = (Iny, Outy, Iny, Outy, o, b1, 2) and a profile of efforts e? = (e¢10, %0, 1 e?),
a type-c agent in group Gy has access to the effort exerted by the types in her own
group, both the efforts in the ingroup matches, e?*, and the efforts exerted in the
outgroup matches, . However, in parallel with the rest of the paper, I consider

that they have access only to the average effort in the outgroup, namely 7 (¢).

Definition 6 Given ¢ and e?, I say that a currently matched ingroup type c in Gy,
1s willing to engage in a rematch with
i) type ¢ € Gy, if u(e® (c, c ,e‘;;' c,c.)ie) > u(e®(c, ey ), e (cy, , C); ), where
Ok s bk Ok
¢ = o (resp. ¢ = ok, ) for type ¢ matched ingroup (resp. outgroup) in ¢;
(ii) type ¢ € G if u(e® (c,cy, ), M (0); €) > u(e%(c, ey, ), %% (cy,, ); C).

Note that players, when considering a re-match, treat as fixed the data on the
efforts of the ingroup, including their own effort.!'” This implicitly assumes that
players do not engage in strategic reasoning (similarly to the rest of the paper).

In a similar fashion,

Definition 7 given ¢ and e®, I say that a currently matched outgroup type c in Gy,
1s willing to engage in a rematch with

(i) type ¢ € Gy if u(e®o(c, cd,g),eé"(c’,c;g,);c) > u(e® (c,cy, ), me(@); ), where
& = ¢y, (resp. ¢ = ok ) for type ¢ matched ingroup (resp. outgroup) in ¢;

(ii) type ¢ € G if u(e?0(c, cgp ), i (0); ) > u(e(c, cg,), e (9); ).

17In the same vein, Goursat (2024) (Chapter 2) proposes a heuristical approach to matching in
marriage markets, where agents evaluate the possibility of forming a blocking pair based on the
current realized match utilities.
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Note that condition (ii) will never occur by construction as an type that is cur-
rently matched outgroup is indifferent about the type of her match, as she evaluates
the effort through the average in the outgroup.

I identify the instability set I C G1UG,, with measure (1), as the set containing
all types such that for each type ¢ € I, currently matched with a type ¢4 according
to ¢, there is a type ¢ € I such that ¢ is willing to engage in a rematch with ¢ and
¢ is willing to engage in a rematch with c.

I say that a matching structure ¢ is stable if the instability set I has measure
zero (v(I) =0).

Remark 3 A stable matching ¢ is necessarily one-sided assortative. However, it

does not need to two-sided assortative.

The first claim of the remark can be shown with an argument along the lines of
lemma 1. As a matter of fact, the strategic complementarity drives the necessity
of one-sided assortativeness in lemma 1. Strategic complementarity derives from
the fact that the utility is increasing in the effort of the opponent (as is the case),
which in enough to obtain the desired property.

The second claim of the remark is obtained by observing that there can never
be a currently-matched-outgroup type who is willing to engage in a rematch with
another outgroup type (as condition (ii) in definition 7 can never be satisfied). This
observation implies that the stability requirements do not impose any structure on
the distribution over the outgroup matches. That is, given Out; and Outy, any
®o(Outy x Outy) does not contribute to the instability set.

For symmetric groups, it is established that the matching structure ¢ that is
optimal for the designer subsection 4.3 of the application to organizations is also

stable. However, the two-sided assortativeness is not needed here. That is,

Remark 4 Let groups be symmetric. Consider a matching structure ¢ and a
threshold ¢* such that: (i) in each group, every type ¢ < ¢* is matched ingroup
and assortatively; and (ii) every type ¢ > ¢* is matched outgroup.

If ¢* solves ng(¢) = ﬁ for k=1,2, then ¢ is a stable matching structure.

This can be seen with the following observations: consider matching ¢ as defined

in the remark and let e? be the list of effort profiles. For any ¢ < c¢*, the effort
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e®(c,c) = ﬁ is greater that the effort in the whole list e® of any other type ¢
such that ¢ > ¢ and also weakly greater than the average n(¢) = ﬁ Then, any
type ¢ < ¢* is matched ingroup and is willing to engage in a rematch only with
types-costs ¢’ in the same group, where ¢ is strictly greater than ¢ . Clearly the
type-cost ¢ will not reciprocate the willingness to engage in a rematch with type ¢,
as ¢ is smaller than . So the set of types ¢ < ¢* that are willing to engage in any
rematch is empty.

As far as the set of types ¢ > ¢* is concerned, no type can engage in a rematch
with any type above ¢*, as the latter will not be willing to engage in a rematch
with ¢. So any potential rematch must occur between types ¢ > ¢*, which are all
currently matched outgroup. They will not engage in a rematch with some type
from the same group and ¢ < ¢*, because type ¢ is exerting effort below the average
n(¢). They will not engage in a rematch with some type ¢ < ¢* from the outgroup
either as condition (ii) in definition 7 is never satisfied. Hence, the instability set is
empty and the matching structure ¢ is stable.

The discussion of decentralized matching shows that, in the context of the or-
ganization, the optimal solution of the designer’s problem can be interpreted as
arising from an endogenous matching where types are allowed to choose how to
match. However, if the designer were to allow agents to choose how to match, he

would be able to achieve overexertion of effort from the outgroup matches, but he

would not be able to guarantee assortativeness within the outgroup matches.

5.2 Ingroup Homogeneity Effect

Along with the outgroup homogeneity effect, the psychological literature also finds
evidence of ingroup homogeneity. Brewer (1993) observes that, while there is ample
evidence of the tendency to perceive outgroups as homogeneous, other studies find
that members of a group also attribute greater similarity of attitudes within the
ingroup (as compared to the outgroup). In their meta-analysis, Mullen and Hu
(1989) find that the perceived homogeneity of outgroups is almost constant across
studies, whereas the ingroup is perceived as relatively more or less homogeneous,
possibly depending on the social context.

From this perspective, the approach used in this paper is relevant in some con-

texts, while in others it might be appropriate to allow for ingroup homogeneity as
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well. Note that the framework is flexible enough to accommodate other specifica-
tions of ingroup and outgroup homogeneity.

To see this, recall that the current notion of equilibrium can be viewed in terms
of the analogy-based expectation equilibrium (ABEE), by positing that players cat-
egorize all outgroup members together in one analogy class, while each ingroup
member is categorized separately. However, this is only one specific way of cate-
gorizing the set of players. Through this lens, the approach in this paper can be
extended by allowing members in each group to devote K7, categories to the in-
group and Koy to the outgroup, thereby capturing the relative degree of perceived
homogeneity in the attitudes of ingroups and outgroups through the cardinality of
the respective categorizations.!®

Building on this observation, one interesting avenue for future research is to
allow for categories to be endogenously determined, using approaches similar to
those introduced in Jehiel and Weber (2025) or Goursat et al. (2025), to shed
light on the various degrees of ingroup and outgroup homogeneity through the lens
of expectations in strategic environments. The focus on expectations can serve as
complement to the literature spanning from Akerlof and Kranton (2000) on identity,
which typically analyzes intergroup phenomena through the primitive of the utility

function.

5.3 Groups as Networks: Peer-Confirming Equilibrium

Peer-Confirming Equilibrium (PCE) is an equilibrium notion proposed by Lipnowski
and Sadler (2019) to capture how players’ social networks can affect their expecta-
tions about others’ behavior. Specifically, they augment a game with a network and
posit that players form correct expectations about those to whom they are linked,
while forming rationalizable conjectures about the behavior of players to whom
they are not linked. The set of viable conjectures is restricted by the (correct)
expectations over their links.

In this paper, the notion of groups captures the ability of players to form expec-

I8Tf player-specific cardinalities for the categorization were also allowed, as is typically done
in the ABEE literature, the approach could also relate to groupy and non-groupy behaviors as
recently discussed in Kranton and Sanders (2017), where a non-groupy individual would be iden-
tified as a player with categorizations involving a large number of classes (e.g., as many categories
as the there are potential opponents).
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tations about opponents’ behaviors. From this perspective, groups play a role that
is similar in spirit to the network in Lipnowski and Sadler (2019). In particular, in
both papers the additional primitive aims to capture the effect of sociality (social
groups or social networks) on the perception of others’ behavior.

The current framework can also be extended by augmenting the game with a
network, allowing players to form finely tuned expectations when interacting with
agents to whom they are linked, and coarse expectations over the behavior of players
to whom they are not linked. Social groups are then simply subsets of players who
are all linked to each other (and only to each other) in the network.

From this point of view, the notion of equilibrium introduced in this paper can
be seen as a refinement of the set of peer-confirming equilibria. More broadly,
the connection between this paper and peer-confirming equilibrium is analogous
to the connection between analogy-based expectations equilibrium (ABEE) and
conjectural or self-confirming equilibrium (see Jehiel (2022) for a discussion on
the connection between ABEE and SCE; see Lipnowski and Sadler (2019) for a

discussion on the connection between PCE and conjectural equilibrium).

6 Conclusion

In this paper, I have introduced a novel framework for analyzing intergroup phe-
nomena by distinguishing between finely tuned expectations in ingroup interactions
and coarse, aggregate expectations in outgroup interactions. The model formalizes
the outgroup homogeneity effect and demonstrates how these differing expectations
can lead to distinct equilibrium outcomes.

The analysis of coordination games illustrates that, under the influence of coarse
expectations, a unique equilibrium can be achieved even in settings where multiple
equilibria might exist under standard assumptions. In the organizational appli-
cation, I illustrate how a designer can exploit these behavioral nuances to obtain
overexertion of effort by some agents, when he can only choose how to match agents

as a way to incentivize effort.

42



Appendix

Proof of Proposition 1

It is shown by induction that in the global games illustration if ¢(b;) = d; for
1 =1,...,n, then there is a unique equilibrium where all players play I.
Recall that player i € Z, matched with j € Z, prefers playing I to NI whenever
expects I to be played with probability greater than 1 — ity

STEP 0. Consider the pair (b, d,). Let 5;(o)[I] denote the expectations of player
i over the probability of I being played according to o. By definition, S3;(co)[I] > 0.
Since 1 — x, = —e¢ < 0, it is strictly dominant for b,, and d,, to play I, regardless of
(. Because every player is matched outgroup according to ¢, then for each ¢ € Z,
Bi(o)[I] > £ by consistency.

STEP k. Assume by the induction hypothesis that all pairs (b, dy,), . . ., (bp—(k—1); dn—(-1))
strictly prefer playing I rather than NI, so that for each i, 5;(0)[I] > % Then, the
players in the match (b,_, d,_x) strictly prefer to play I too: this is because, for
each i,

k- n—k

1= @y =~ —
n n

e < % < Bi(o)[1]

Since all players are matched outgroup, this also implies that, for each ¢ € Z,
Bi(o)[I] > =L by consistency.

The induction argument can be simply seen in terms of expectations: we have
shown that 3;(o)[I] > L for all i, and Bi(o)[I] > £, Vi = B(0)[I] > &L, Wi
where k = 1,...,n — 1, thereby implying 5;(c)[/] = 1. By consistency, o; = {I},
foralljeZ. N

Proof of Proposition 2

The argument follows the same logic by induction as proposition 1, only moving
downwards along the intervals generated by the various thresholds (i"k)kN:ll All
players are matched outgroup in an assortative fashion. Once established that the
players with z above 1 play I, then all players with 2 between [2=1(1+¢), 1) must
play I (provided that are not more players within the latter interval as compared
to the former).

Let z(k) denote the number of players in group z € {¥', d'} with characteristics in
(&g, Tpr1) for k=1,..., N. Assume that the number of players within each interval
is monotone in the sense that, for each z and k, z(k + 1) > z(k) > 0. Observe that
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this property implies that in both groups, the fraction of players within the last

(N)

interval, namely and d,(n is weakly grater than +, and more generally

N’

N
N41—k
Z +—,for =1 N and 2=V, d. (9)

Let my, = min{>y_, V'(K'), S.n_, d'(k)} (note that m, = n).

Because ¢ matches players outgroup and assortatively, for each k, there are my
players in group Gy with characteristics weakly above Z; that are matched with
some player in Gy with characteristics weakly above 2. Thereby implying that,
for K = N, there are at least my players in each group playing I because for all
such players m > 1 and the inequality is strict for at least one pair, given that
x; > 1 for at least one player in Z' (which induces all other my — 1 pairs to play I).
Since ¢ matches all players outgroup, for each player i € 7', f;(0)[I] > ™ > L

Say that at some step k4 1, 5;(0)[/] > ™£= by induction hypothesis.

Then it is easily verified that 3;(c)[I] > ™&: note that ™ > Nk By (9).

Consider the last my; players in each group For each such player i, m >
Fp=E(1+4¢). Then, 1 — 5020 <1 — 3y = ¥k ok Then, each such player i
NTk — N' Therefore7 my players are playing I in each

group, thereby obtaining, by consistency, §;(o)[/] > “+. W

plays I because §;(o)[I] >

Proof of Proposition 3

The following claim is established: for any p € A(®), there is some o that is a
BNE, where o; = { N1} for some i € .

The result is shown by finding the conditions on p € A(®) such that a strategy
profile, where some player is choosing N1, is a Bayes-Nash equilibrium (BNE). The
proof involves two steps. First, we find conditions on (4, 4, that suffice to ensure
that o; = { NI} for all i constitutes a BNE. After that, we find conditions on i, , ./
for z,2' € {b,d} that are sufficient for o to be a BNE, where 0}, = 04, = {I} and
o; = {NI} for all i # b,,d,. Finally, the result is obtained by verifying that if the
conditions in the first step are not met, then the conditions in the second step hold
necessarily.

STEP 1: let u € A(®), pin, = i, a,,, and let o be such that, for each i, o; = {NI}.

2itdjer Mgt Note

Given p and o, NI is a best response for player ¢ iff 0 < 1 — 5
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that, for each i € Z, x; + ZjeI Wi < Tp + ppxy + (1 — pin)x,—1. Thus, to ensure
that N1 is best response for all players it suffices to impose that

0<1— T+ pnTn + (1 = fin)Tp—1 2_(1+Mn)<1+5)_(1_ﬁ‘n)n7_1(1+6)
- 2 B 2
1—pp —e(2n— 1+ py,)

2n

Moving p, = pp, 4, on the left-hand side yields:

< 1—(2n—1)
where the term on the right-hand side tends to 1 as ¢ — 0, and it tends to 1 — %

1
4n2-1"

where o; = {NI} for all i is a BNE.

as € — Therefore, for all p such that p, 4, < 1 — %, the strategy profile

STEP 2: let pn € A(D), g, = pin .y, and fi o, = flin, + Hig, for ¢ € Z. Based

on the result in step 1, assume that p, > 1 — % Consider the strategy profile o

where o, = 04, = {I} and 0; = {NI} for all i # b,,d,. Given u and o, NI is a

best response for player ¢ iff

Ti+ Y ier HiT;
i :E ijoi(I) <1— e o
Hizp pi o (1) < 9

jeT

For i € {b,,d,}, it is readily verified that I is a best response, given o and pu.
Whereas, for each k < n and iy € {b,d;}, we have that

T4y, + Z Wi T < Tp—1 + 1pTn—1 + fipznTn + (L =tk — iy 2 ) Tn—2-
jez

Thus, to ensure that NI is best-response for all players other than b, and d,, it is

sufficient to require that

T+ Tt F P+ (1= Bk — i, ) Ta2

/"Likyxn S 1 2
Tp — Tp—2 Tp—-1+ Tp—2 Tp—1 — Tn—2
o (12 ) <1 - =
i 2(n+1+¢) < (3— k)1 +¢) —2ne i < (3— k)1 +¢) —2ne
’ 2n 2n ’ 2(n+1+¢)
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where the third inequality is found by substituting x; with (1 + 5)% and then
simplifying.
Note that the right-hand side in the last inequality is minimized for p, — 1 ** and

£ — ﬁ, which yields %ﬁﬁ- Therefore, we have that p;, ., <1 — ptp, .4, <
% < Lm?j_ﬁ for all i, € {bg,dx} and k = 1,...,n — 1, thereby obtaining that

for all 4« such that i, 4, > 1 — 3=, the strategy profile with 0, = 04, = {I} and
o; = {NI}, for all i #b,,d,, constitutes a BNE. B

Proof of Proposition 4
Let ng(¢) denote the average effort in group G, given ¢. By taking players’ best

responses, we have that

10(6) =g | ety + 30 )
€0y, ‘
(
1 1+ tne(9)
——{e(If) + ] e(I6) +
@] Z | 2
\ G’

where f;(e) = nei(¢) for i € OF by consistency, and e(Ig) = 3,0 Cowtt

G CiCos)—t?

Solving for ng(¢) yields

G (1) + Sicop 2) +1 (Sicop 2) (eUE) + Sicop, 2)
GG =12 (Sicop £) (Sicos, 2) |

na(¢) =

. 14t
Therefore, whenever ¢ € O , her equilibrium effort is given by M—G/ Whereas,
Co(i) H

for 7 € [g, the equilibrium effort of agent i is equal to o

As far as uniqueness is concerned, it suffices to note that the best-response of
player i is single-valued for any g;(e) € [0, €] because of the strict concavity of the
utility function, and the assumptions z > 1 and € > 1. Given that ng(¢) € [0, €],

there is a unique equilibrium (in pure strategies). W

Proof of Proposition 5

19Since we are simply looking for a lower bound, we can ignore the fact that setting up — 1
would have the effect that j;, », — 0. Whenever y;, ., is below the lower bound, the inequality
is satisfied for any value that pj; might actually take between 0 and 1.
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1. The proof relies of techniques similar to those used for proving the optimal
sorting in Becker (1973). We prove the first statement in two steps. In step
1, we establish that the part of the designer’s objective function which is
obtained via ingroup pairs is supermodular in the costs of effort. In step 2,
we make use of supermodularity to show that the optimal matching must be
one-sided assortative in [ g

STEP 1. Let P(c;,¢;) = plei(cs,¢;),ei(c;, i), where eici,¢;) = =20 We

cicj —t2°

first show that the cross derivative of P(c;,¢;) is positive by use of the chain

rule. That is,

O*pleilci cj),ei(ci,ci))  OejDe; %e;
8cj6’cj 8cj Gci + ( + e])ac]@cz
861 86]' 826'
1 J
Hacj 2, + ( He])acjaci >0

where the inequality holds because all first order derivatives of efforts in the
equation are negative and the cross derivatives are positive.

We can conclude that P is supermodular in the costs: afjg; ->0 implies that,

4 / /
if ¢; < ¢ and ¢; < ¢}, then

P(c;, ¢;) — P(ci,¢5) < P(c}, ¢j) — P(ci, ¢) (10)

1) g

STEP 2: By contradiction, assume that ¢ solves (5) and it is not one-sided
assortative in Ig. Relabel the agents so that Ig = {1,2,...,k} for some
k < |G|, where ¢; < ¢;4q for i = 1,...,k — 1. Without loss, let ¢ < j for any
(1,7) € ¢. Since ¢ is assumed not to be one-sided assortative in ]g, there
exists some pair (4, §) € ¢ N (IS x IS) such that ¢; > ¢;q. Take the first such

pair, we have:

P(ci, ¢) + Pleiv, cgirn)) = Pleis ¢i) + Plegirs Civa)
< P(ci, cir1) + Pleg(iv), ¢j)

by (10) because ¢; < cg(i11) and ¢4 < ¢;.

Furthermore, the rematching also increases the average effort in group G,
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thereby inducing greater effort levels for all the agents in G’ matched outgroup
(if any), which in turn induces a weakly greater average effort in G’ so that

also the effort of all agents in G increases weakly.

Overall, the objective function under the alternative matching is strictly

greater. Hence, a contradiction.

2. Assume {(i1, j2), (i2,71)} € ¢, with ¢;; < ¢j, and ¢;, < ¢j,, where iy, j; € Ogl
and 19, Jo € 022.
Consider a matching ¢' identical to ¢ except for the fact that ¢ has the
matches (i1, 72) and (71, j2). Since in both matchings these pairs are outgroup,
then ng(¢') = na(¢), for all G, and e;(¢') = e;(¢), for all i. Given e; (¢) >
e;, (¢) and e;,(¢) > e;,(¢), it must be the case that

p <€i1 (d))’ €iy (¢)) +p (ejl (¢)7 €4, ((b)) >Dp (eil (¢)? €j, (¢)) +p (ejl ((b)’ €is <¢>>

where the difference between the LHS and RHS is the difference in the objec-
tive function of the designer under ¢’ as compared to ¢. Hence, ¢ cannot be
a solution to (5). W

Proof of Proposition 6

3. We prove the statement by contradiction, showing that there is an improve-
ment to the matching ¢, when (b, d), (b',d') € ¢.

Let P(ci,cj) = p( ot _citt ) as in part (1) of the proof of Proposition

CiCj —t2 ¢; Cj —t2

5. Since, for all four agents, the effort exerted under ¢ is greater than the

average in both groups, we have % > e;(¢) for i = b, ,d,d, and then:

p(ep(9),ea(9)) +p (ew (@), ea(¢)) < P(ch, ca) + Pley, car)
< P(ey,cp) + P(ca,car)

where the second inequality holds for the supermodularity of P(), because

min{cy, ¢y } > max{cy, cy }, and ¢, # cy or cq # car.
Consider the matching ¢’ identical to ¢ with the exception of the pairs (b, V'), (d,d') €
¢/. We have that P(Cb, Cb/) + P(Cd, Cd/) =P (eb(gb’), 65,/(@25’)) +p <€d(¢/), ed/(qﬁ’)).
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Moreover, under a matching ¢’, the average effort would increase for both
groups, thereby implying that all other pairs’ efforts would be weakly greater

than under ¢. Hence, ¢ cannot be optimal.
. We prove the statement by contradiction. Let (b,V'), (d,d’) € ¢, where ¢ is
an optimal matching.

Since the effort of all four agents is weakly smaller than the average efforts in

both groups, we have

1+ tmin{ng, (6), e, (9)} o 1+ tes(9)
C; o C;

(@) = ¢i(¢),

for i € {b,V/,d,d’}, where the inequality holds by strategic complementarity.

Given the p(+,-) is supermodular in the efforts, we have:

p(es(9), e (9)) +p(ea(9), ea(9)) < p (f(b), f(V)) +p (f(d), f(d))
<p(f(b), f(d) +p(f(V), f(d))

where the second inequality holds because min{c,, ¢y} < max{cy,cqs}, and
Cp 7 Cy OF Cq F Cyr.

Consider the matching ¢’ identical to ¢ except for the pairs (b, d) and (', d")
in ¢'. Note that for each i € {b,V/,d,d'}, the fact that f(i) > e;(¢) together
with the assumption that all but the two aforementioned matches are identical
in ¢’ and ¢ implies that e;(¢’) > f(i) and ng(¢') > na(¢), for all G. This is
because the four agents are paired outgroup in ¢’ and so they best respond to
the average effort in their respective outgroup. Hence, their best-reply cannot
be lower than the effort exerted before (e;(¢') > e;(¢) for i € {b,¥',d,d'}) and
therefore for each G, ng(¢') > min{ne,(¢),nc,(¢)}. This being established,

we have that:
p(es(9'), ea(d)) +p(ew(d), ea(d) > p (f(b), f(d) +p (f(¥), f(d))
> p(ep(9), er (@) + p(ea(d), e ()))

Furthermore, n¢(¢’) > na(¢), for all G, also implies that e;(¢') > e;(¢) for all
1 € Z so that the value of the designer’s objective function is strictly greater

under ¢’ as compared to ¢. Hence, a contradiction. H
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Proof of Lemma 1.
Denote by I(c,¢) an interval (¢ —e,¢c+ €).

Let ¢ be such that vy, > 0 and for some open I C Ing, ¢p(L X I) < vy, (I).
Then, for some € small enough there must be some disjoint /(c,e) C [ and I(c,¢) ¢
I both with positive measure and ¢y (I(c,e) x I(¢',¢)) = xk > 0 (by continuity of
).

The effort of each agent in /(¢,e) matched with some agent-type in I(c,¢) is

c+t
cc'—t2

approximated by This implies that the probability of success of the tasks

over all the agents in I(c, €) and their respective matches in I(c, ) is approximately

cd+t c+t
w( ) (1)

cd —t27 ed —t

We show that there is a matching that constitutes an improvement to ¢. Con-
sider the matching ¢ identical to ¢, except for the fact that ¢y (I(c,e) x I(¢,€)) = 0,
while ¢r(I(c,e) x I(c,e)) > £ and ¢p(I(c ) x I(¢,€)) > 5

Under ¢, the equilibrium effort is approximately ﬁ in I(c,e) and ﬁ in I(cd,¢).

This implies that the probability of success of the tasks in I(c,¢) and in I(, ) is

K 1 1 K 1 1
K L Y . 12
2p<c—t’c—t)+2p<c’—t7c’—t) (12)

Assume W.L.O.G. that ¢ < ¢ so that - < 2, < 4 < L By the

cc! —t2 cc! —t2

no smaller than

supermodularity of p(+,-), we have that (12) is strictly greater than (11).
Furthermore, the rematching in ¢ strictly increases the average effort in group G.
This induces higher effort levels for all the agents in G’ that are matched outgroup
(if any), thereby increasing (weakly) the average effort in G’, so that the effort of
all agents matched outgroup in G (if any) increases (weakly).
Overall, the objective function of the designer is necessarily strictly greater under

¢~5 as compared to ¢. Hence, ¢ cannot be optimal. H
Proof of Lemma 2.
Denote by I(c,€) an interval (¢ —e,c+ ¢€).
Let ¢ be such that vou, (I(c1,e1)) > 0, but there is no ¢, and &, such that,
with ¢o(I(c1,e1) X I(ch,€h)) = Vout,(I(ch,€5)) > 0 and Q%(c1) = Q%(c}). By the

assumption of continuity for the matching structure ¢, one can always find an
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interval I(ch, <)) satisfying the conditions over ¢o. So it must be the case that
Q%(c1) # Q%(ch). Assume without loss that Q%(cy) > Q3(ch).

Because the sets Out; and Out, must have the same mass, there exists also some
¢, > ¢, and some neighborhood I(¢},€!) such that [ is a subset of I(c},¢}) with
measure ¢o(I X Outs) = vou, (1) > 0 and some measurable I’ C I(cq,2) C Outy
such that ¢o(I x I') > 0, for some ¢, such that Q3(c;) < Q%(ca).

For the various e terms small enough, the equilibrium efforts in set I(cy,e1),
(resp. ,I(ch,€h), I, and I') can be approximated by e(ci,c}) (resp. e(ch,c}),
e(c),ch), and e(cq,cy)). Then, that the probability of success of the tasks within

these matches is approximately

1+ tna(d) 1+ tni (o) L+tna(¢) 1+ tm(o)

ngO(I(cl,e)x](c'Q,s'))p( ,

Cl 62

(13)

We show that there is a matching that constitutes an improvement to ¢. Let

A = min{¢o(I(c1,e) x I(ch,€")),do(I x I')}. Consider the matching ¢ that is

identical to ¢, except for the following two type of rematches. First, a mass A of

agents in [ is matched with a mass A of agents in I(cy,¢). Second, the respective

matches under ¢ are now matched together so that a mass A of agents in I(c},€})
is matched with mass A of agents in I, under ¢.

The equilibrium efforts are not affected by the rematches, but under 95 the

probability of success of the tasks over all the re-matched agents in I and their

respective matches, and over all re-matched agents in I” and their respective matches

is approximately

Y Y /

)\p<1+t772(¢) 1+t?,71(¢))+>\p<1+t772(¢) 1+t?71(¢)) (14)

Expressions (14) and (13) show that ¢ improves strictly over ¢ due to the su-

permodularity of p(-,-) because ¢; > ¢ and ¢] > ¢,. B

Proof of Proposition 7

I show that if either Condition 1 or 2 does not hold for some matching structure
¢, then there exists some & that is a local improvement of ¢.

For I € {Iny,Outy}, for some k, a set I' C I is referred to as the set with the
smallest (respectively, largest) ¢ in [ when I’ is a Borel set with v;(I”) > 0 such that,

51

)



for some ¢, ¢ = inf. I’ and sup {c | v(I N (¢, ¢)) = 0} = ¢ (respectively, ¢ = sup, I’

and inf {c | v(IN(cc)) =0} =¢).
i
The function e(c, ') = Ht% describes the equilibrium effort for all agents.

1
cp—t

) by the definition of c¢*.

If ¢p € Ing, then e(cy, cx) =
e(ck, ¢y) = i (1 +

Condition 1. Assume by contradiction that, for some k € {1,2}, there exists
a Borel set Ay C Outy N (¢, ¢;). We focus on the set Ay with the smallest ¢. That
is, Ay is such that Q}(¢) = v(Outy), for é = inf, Ay.

By the assumption on continuity of ¢, there exists an open interval Ay C Outy,
for k' # k, such that ¢o(A1 x Az) = vour,, (Ar) > 0.

Note that for each type-cost ¢, in Ay, the effort according to ¢ is given by the

by assortativity of ¢, while if ¢, € Outy, then

cz,—t

function e(cy, ¢}, ), which is strictly smaller than e(cy, ¢x) = ﬁ, the effort exerted
by a type-cost ¢y, if it were matched ingroup according to some assortative matching
structure.

Therefore, if vou,, (A N (¢, c;)) > 0, we can improve on ¢ by re-matching
ingroup (assortatively) all type-costs in Ay and re-matching ingroup (assortatively)
a subset B C Ay with equal mass to Ay (according to the population measure v)
such that ¢o(B X Ax) = vou, (B) (where B excludes those type-costs in Ay that
are not matched with Ay/). Let ¢ be an assortative matching structure identical to
b, except that Ay C Iny and B C Ing. Note that all e-types re-matched in é exert
strictly greater effort, as e(c,c) > e(c, ¢}); all type-costs matched ingroup in both
¢ and gz~5 exert the same effort; and all outgroup matches only best respond to the
average. This ensures that the average effort in each group is strictly greater under
é, and thus the designer’s objective function is strictly better under é than under
0.

If instead vout,, (Ar N (c,c])) = 0, we can find a local improvement by noting
that there must be a Borel set I of ingroup matches with cost-types greater than a
positive measure of cost-types in Ay (this follows from the symmetry of the groups,
the assortativity of ¢, and the fact that Q¢ (inf, A) = v(Outy)).

Let I be a set with the largest ¢ in Ing, and denote the largest ¢ in In; by

o

Take a measurable subset I’ C I C In; of mass A > 0 with cost-types near

o

Consider a subset A" C A, C Out;, of mass A with cost-type agents such that
¢ >sup, A’
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Let ¢ be a matching structure identical to ¢, except that In, = Iny U A’ \ I',
with ¢o(I' X Ap) = vou, (I') and ¢p(A’ x A’) = vp,, (A"). To see that the matching
structure <5 improves upon ¢, consider the following cases.

Case 1: ¢ > ¢35, or, c] < ¢ < ¢ and kK = 2. In both cases, we have that

¢; € I' C Iny implies —— L

ot < @ Then, for any ¢; € I', e®(ci,c;) < e(ci, cl).

Also, for ¢, € A, e%(cq,cly) < e“?’(ca,ca). The direction of the two inequalities
implies that 7.(6) > m(¢) and & < ¢ (and e(c;, ) < ea’(ci,é}z,)). For all ¢ €
Outy, including ¢y € Ap, eg’(ck/,é,*;) > e?(cpr,cp). For all ¢ € Iny, e“;(c, c) =
e?(c, c). Therefore, 1 (¢) > mw(¢). The designer’s objective function thus increases
strictly for outgroup matches in both groups, while it is unchanged for those ingroup
matches that coincide in ¢ and ¢. Finally, taking A small enough, I can approximate
the change in the objective function within the re-matched cost-types for ¢; € I’,

c, € A, and ¢ € Ay,

Ap(edz(ci, ), e‘;’(c,», ¢)) + Ap(e&’(ca, ), eé(ck/, ) >

Ap(e?(casca), €?(casca)) + Ap(e?(ci, ci), e (e, cf))

1 < 1 < 1

cy—t ci—t ci—t?

Case 2: ¢ < ¢ < ¢ and k = 1. In this case, for ¢; € I,
and so re-matching cost-types in I’ outgroup is not effort-enhancing within I’—for
a fixed average 72(¢)—as e®(c;, ;) > e(c;, ¢;). However, the re-matching in ¢ re-
matches a mass A in I’ outgroup, while re-matching a mass A in A’ ingroup, which
is effort-enhancing, as for ¢, € A’, e(cy,cq) > €®(cq,c}). It can be easily verified
that such a gain in effort outweighs the cost by noting that, for ¢ > ¢, the difference
e(c,c) — e(c, ) is increasing in ¢, and ¢, > ¢; > ¢f for any ¢, € A" and ¢; € I'. As
such, the overall average in group 2 must be larger after the re-matches. That is,

n2(@) > na(¢) for any positive mass of re-matches A. This increases the effort of all
outgroup matches in G, too, so that 1;(¢) > 11(¢).

While the change in the objective function for the mass A of re-matched cost-
types is not guaranteed to be positive (call it a loss), there is a strictly positive
gain under ¢ compared to ¢ for all outgroup matches. Recall that \ is taken
arbitrarily such that 0 < A < vou, (I). Note that decreasing the mass A\ of re-
matches has three effects: the difference in the averages under ¢ and gz~5 becomes

smaller; the (potential) loss incurred in the objective function occurs for a smaller
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mass of cost-types; and the mass of cost-types for which there is a strict gain
increases (v(Outy) — A > vouw,(I) — A > 0 and increasing as A gets smaller). By
taking A > 0 small enough, nk(qg) > (@) for each k is small but still positive,
and the mass A for which a loss might occur is negligible when compared to the
gain occurring for the mass v(Out;) — A of outgroup matches. This concludes the
argument for showing that Condition 1 is necessary for optimality of the matching

structure.

Condition 2. Assume by contradiction that, for some k € {1,2}, there is a
Borel set Ay, C Ing N (ch,¢). We focus on the set Ay with the largest c¢. By the
assumption that groups have the same mass and outgroups must also have the
same mass for the matching to be balanced, there must be a positive mass matched
ingroup in group k&’ as well. We focus on the Borel set Ay C Iny with the largest
cin Ing.

If i, (Ang N (c5,¢)) > 0, it is easily verified that re-matching outgroup the
cost-types in Ay above ¢} with the cost-types in A above ¢ is both effort-enhancing
and improves the designer’s objective function.

If vry,, (Ang N (c3,€)) = 0, all Borel sets of cost-types above sup, A are matched
outgroup, and sup, Ay > ¢§. This is because Ay is the set with the largest ¢ in
Ing . Suppose that there is no mass of cost-types in A with cost weakly above
¢;. Then there must be a positive measure of outgroup matches in group k&’ with
cost-types above c¢j. Then Condition 1 is violated and ¢ cannot be optimal.

Therefore, there must exist a subset A" C Ay with positive mass such that for all
ce A, ¢ > cj. I propose to re-match outgroup the cost-types in A’ with cost-types in
Ay. If k = 2, then for each ¢; € A, ¢; > ¢, thus e®(c1, ¢;) < e(cy, ¢3), and similarly,
for ¢y € Ay, co > ¢, thus €?(cq, ca) < e(ca, ¢}). Hence, outgroup rematches among
these sets would be effort-enhancing and would increase the designer’s objective
function, so that ¢ cannot be optimal.

If k = 1, the proposed re-matching would not work, as the cost-types in A’ C A,
exert more effort as ingroup: for each ¢y € A, ¢f < ¢u < ¢}, thus €?(cy, ) >
e(ca, ¢f). However, take the Borel set I C Out; with the smallest ¢ in Out;. Note
that there cannot be a positive measure of cost-types in I below ¢}, otherwise
Condition 1 is violated. Also, there must be a subset I’ C I with positive mass

A > 0 such that all cost-types in I’ are above ¢;. This is because almost all
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type-costs below those in A, are matched outgroup and ¢y € A, is above ¢f, and
I C Out, is picked so that almost all types in GG; with costs larger than those in [
are matched ingroup. Since the groups have the same mass and distribution, ¢y < ¢}
implies that ¢; > ¢} for any ¢; € I’. Then, re-matching types in I’ ingroup in In,
under assortative ¢, while re-matching outgroup types in A’ with those types that
were matched with I’ under ¢, namely ¢o(I’ X Outsy), leads to an effort-enhancing
rematch and the average effort is then greater under ¢. That is, 71(¢) > 1(¢) and
n2(¢) > 12(¢). By picking ¢ so that the mass A > 0 of re-matches is small enough,
¢ improves upon ¢ for the designer (as there is a positive gain for outgroup matches
with mass v(Out) — A = v(Outy) — A > vou,, (1) — A > 0. B

Proof of Proposition 9 (convergence)
Note that 7(7;) is bounded above by -L. If n(r;) is weakly increasing at each
iteration k, then the procedure must cor[verge (given that the action space is closed
and bounded.
We show that the threshold is weakly decreasing at each iteration by induction.
In Tteration 1, 79 = ¢, ¢y matches all agents ingroup and assortatively. Since
n(10) = E[-5], then there exists 71 < ¢ such that % = 1n(70) in step 1. More-
over, since # = 1n(79) the function obtained in step 2, namely ey, (¢, 71,7(7)), is
continuous at ¢ = 7 (and hence continuous everywhere). In step 3, the average is
computed and it is readily verified that n(7) > (7). This can be seen by the fact
that

€ 1 + tn(To)

o) = [ e+ [

> [ e [ e =)

c T1

where the first terms of the summation is the same on both sides of the inequality
and the second term is strictly greater on the LHS because 7(my) > - for all
c € (m,d.

By the induction hypothesis, assume that at iteration & — 1 it is verified that
Tr—1 < Tr—2 and that n(7x_1) > n(7x_2). We want to show that then we have also
T < T and n(7x) > N(Te—1).

For what concerns step 1., note that n(7,_1) € [, 2

=, —), so that there must
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exists 7 such that # = 1)(7-1). Furthermore, since n(7x_1) > 1(7k—2) and —= is
decreasing in = (for z > 1 and 0 < ¢t < 1), we must have that 7, < 75_;.

Then, in step 3. the expression average effort can be written as:

n(Tk) _ /m Citf(c)dc+ /‘Tk—l 1—|—tT]C(Tk_1)f(C>dC+ Z/T}L+1 1+ t”r](Tk—l)f(c)dc

Tk ¢

T1 1 Th—1 1 k—2 Thi1 | -
>/c C_tf(C)dc+/Tk C_tf(c)dc—l—Z/Th wﬂ@dc:n(m_l)

h=0

where the first terms of the summation is the same on each side of the inequality,
while the second and third terms are weakly greater on the LHS. The second terms
is weakly greater because by construction 7(7,_1) > - for all ¢ € (74, 7—1) (the
term is strictly whenever 7,1 < 7). Whereas for the third term is suffices to

observe that 7(7x_1) < 7(7x—2) by the induction hypothesis. B
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