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Motivation

» Expected Utility: Completeness, transitivity, independence, and continuity

» Common claim: Continuity in expected utility is a technical axiom without empirical
content (Fishburn, 1986) or a harmless simplification (Arrow, 1971; Dreze, 1987)
» Formalize the claim and make it exact
1. The claim holds only under strong independence axiom (independence axiom with
equivalence) (Samuelson, 1983)
Strong Independence: For all lotteries P,@Q, R and e € (0, 1)

PrQ < aP+(1-—a)RzaQ+ (1—a)R.

2. Under (more commonly used) weaker forms of independence axiom, continuity adds
empirical content and is not only a technical axiom

o Possibility for testing continuity indirectly
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Summary

> We observe a finite collection of strict and weak preferences over lotteries

> Study when this can be rationalized with an expected utility

> If the finite collection of strict and weak preferences is consistent with transitivity
and strong independence axiom, then it can be rationalized with expected utility
o Completeness and continuity do not have implications for finite data sets and are

purely technical axioms

> However, under weaker forms of independence axiom, continuity has implications for
finite data sets and can be refuted
e E.g. Original separable prospect theory under continuity is expected utility

e Decision maker consistent with prospect theory but not with expected utility
violates continuity
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Pedagogical Contribution

» Transitivity and strong independence axiom contain all the behavioral content of
expected utility

e To understand expected utility need to only understand strong independence
axiom (and transitivity)
> Some advanced micro textbooks use the strong independence for expected utility
e Mas-Colell et al. (1995), Rubinstein (2006), Gilboa (2009), and Mufioz-Garcia (2017)
» Most advanced micro textbooks use a weaker form of independence axiom for
expected utility

e Fishburn (1970), Kreps (1988; 1990; 2013), Luenberger (1995), Silberberg and
Suen (2000), Gravelle and Rees (2004), Jehle and Reny (2011), Riley (2012),
Varian (2014), and Wang (2018)

o In these textbooks, continuity is used as a behavioral axiom with empirical content

o Makes understanding expected utility more difficult
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> Pfanzagl (1968) and Adams, Fagot, and Robinson (1970) characterized the
empirical content of additive representations

> Adams (1992) studied the empirical content of subjective probability representations
» Fishburn (1975) characterized the empirical content of expected utility with a
testable condition based on solving a system of linear inequalities
e Instead, we connect the empirical content of expected utility to standard axioms
of transitivity and independence axiom
» Chambers, Echenique, and Shmaya (2014) provided a general characterization for
the empirical content of a model
e Instead, we study the empirical content of a specific model
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Setting: Lotteries

> The setting adapted and simplified from Chambers, Echenique, and Shmaya (2014)
> Simple (finite) lotteries on X, A(X)
» Mixtures of lotteries defined prizewise:

e For P,Q € A(X) and « € [0, 1], define the lottery aP + (1 — )@ by for all
z e X,
aP + (1 —a)Q(z) = aP(x) + (1 — a)Q(x).

e Multistage lotteries reduced to single stage

> A data set is D = (D, Zp, >p) where D C A(X) is a finite set and ZZp and >p
are (possibly incomplete) preferences on D
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> A theory T is a collection of pairs of preferences (7, >) on A(X).

» The theory of expected utility 7gy is the collection of pairs of preferences
(zZ,>) on A(X) such that > is the asymmetric part of /- and there exists a (linear)
vNM utility u : A(X) — R with for all P,Q € A(X),

PZQ < u(P)>uQ).
» The theory of transitive order satisfying the strong independence axiom

TTv-1nd is the collection of pairs of preferences (22, >~) on A(X) such that > is the
asymmetric part of 2~ and the following two conditions hold

(1) 7 is transitive.
(2) Forall P,Q,R € A(X) and a € (0,1),
Pr-Q < aP+(1—-a)RZaQ+ (1 —a)R.
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Setting: Data Equivalency

> A theory rationalizes a data set if the theory includes a pair of preferences that
explains the observed preferences:

Definition
Let 7 be a theory and D = (D, Zp,>p) be a data set. T rationalizes D if there
exists (7=, =) € T such that 7Zp C 77 and »p C >.

» Two theories are data equivalent if they rationalize the same data sets:

Definition
Let 7 and 7' be two theories. 7T is data equivalent to 7 if for all data sets D,

T rationalizes D <= T rationalizes D.
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Main Result

Theorem 1

Teu is data equivalent to TTy-Ind-

» Completeness and continuity do not add empirical content to transitivity and the
strong independence axiom
e Under the strong independence axiom and transitivity, they are purely technical

axioms without empirical content

> This suggests using the strong independence axiom for the expected utility theory

o All the behavioral content of expected utility is contained in transitivity and

strong independence axiom
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Weaker Independence

> Under any of the following independence axioms, continuity adds empirical content
» Forall PQ,R,S € A(X) and o € (0,1),
2y P-Q = aP+(1—-a)R>aQ + (1 —a)R. (Jensen, 1967)
2"y Pz Q = aP+(1—a)RZ a@Q + (1 — a)R. (Samuelson, 1983)
(21) P~Q <= aP+(1—-a)R~ aQ + (1 — a)R. (Samuelson, 1950)
(

2 aP+(1-a)RZaQ+ (1 —a)R = aP+(1—-a)S 7 aQ + (1—a)s.
(Luce & Raiffa, 1957)

» Under continuity equivalent, but not without

» Proof by examples of finite preference that satisfy weaker independence axiom but
does not have a rationalization with EU
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Weaker Independence: Counterexamples

> Forall PQ,R,S € A(X) and a € (0,1),
2YP-Q = aP+(1—-a)R>aQ + (1 - a)R.
e Indifferent in the boundary of A(X) but EU in int A(X).
(2*) Pz Q = aP+(1—-a)RZaQ+ (1 —-a)R.
e Indifferent in int A(X) but EU in the boundary of A(X).
(2 P~Q < aP+(1-a)R~aQ+ (1-a)R.
o Every lottery is only indifferent to itself.
2 aP+(1—-a)RZaQ+(1—a)R = aP+(1—-a)SZaQ+(1—a)s.
e An additive representation that is not linear.
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Empirical Content of Continuity under Strict Independence

Forall P,Q,R,S € A(X) and a € (0,1),
P-Q = aP+(1—-a)R>aQ+(1-a)R.
e Indifferent in the boundary of A(X) but EU in int A(X).

We can pinpoint the empirical content of continuity under strict independence.

If we only observe strict preferences or only preferences in the interior of the set of
lotteries, then strict independence and transitivity capture the empirical content of
EU

The empirical content of continuity is contained at the boundary and at indifference.
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Strict preferences
> If we only observe strict preferences, then strict independence and transitivity
capture the empirical content.

» The theory of transitive order satisfying the strict independence axiom
TTv-Strictind IS the collection of pairs of preferences (77, ) on A(X) such that > is
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Empirical Content of Continuity under Strict Independence:

Strict preferences
> If we only observe strict preferences, then strict independence and transitivity

capture the empirical content.

» The theory of transitive order satisfying the strict independence axiom
TTv-Strictind IS the collection of pairs of preferences (77, ) on A(X) such that > is
the asymmetric part of >~ and the following two conditions hold

(1) 7 is transitive.

(2) Forall P,Q,R e A(X) and o € (0,1),

P-Q = aP+(1—-a)R>aQ+ (1—a)R.
Proposition 1
Assume that D = (D, Zp, >p) is a data set with —p= &. Tgy rationalizes D iff

TTy-Strictind rationalizes D.

» Tgu and TTv-strictind are data equivalent on strict preferences.
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Empirical Content of Continuity under Strict Independence: Boundary

> |If we have preferences only in int A(X), then strict independence and strong

independence are equivalent.

Proposition 2
Assume that X is finite and - is a transitive order on int A(X) such that for all

P,Q,Recint A(X), a € (0,1),
P-Q = aP+(1—-—a)R>aQ+(1—-a)R.
Then for all P,Q, R € int A(X),« € (0,1),
P-Q < aP+(1-a)R>aQ+ (1 -o)R.
» The difference in the empirical content of strict independence and strong
independence comes only from the boundary and the indifference.

> Pinpoints the empirical content of continuity under strict independence.
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Open Questions

» Can we capture the empirical content of continuity under other weaker forms of
independence?

> Forall PQ,R,S € A(X) and a € (0,1),
(2N P~Q <= aP+(1-a)R~aQ+ (1 -a)R.
e Counterexample: Every lottery is only indifferent to itself.
) aP+(1-a)RZ-aQ+ (1—a)R = aP+ (1 —-a)S = aQ+ (1 —a)s.
e Counterexample: An additive representation that is not linear.

o If only observe lotteries with rational probabilities, does continuity have empirical
content?
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Conclusion

» Empirical content of EU contained in strong independence axiom and transitivity

» Under weaker forms of independence axiom, continuity adds empirical content and is
not only a technicality

» Continuity can be a testable behavioral axiom and not only a technicality

\/

Open question: How to test continuity experimentally?

» Open question: Does our approach generalize beyond expected utility?



Empirical Content Weaker Independence Strict Independence
Which Independence Axioms Textbooks Use
2) PnQ < aP+(1—a)RZaQ+ (1 —a)R.
2YP-Q = aP+(1-a)R>aQ+ (1 - a)R.
(2*) Pz Q = aP+(1—a)RZaQ+ (1 —a)R.
(21 P~Q <= aP+(1-a)R~aQ+ (1 —a)R.
2 aP+(1—-a)RZaQ+(1—a)R = aP+(1-a)S >z aQ+(1-a)s.
» Advanced microeconomics textbooks use the following independence axioms:
> (2): Mas-Colell et al. (1995), Rubinstein (2006), Gilboa (2009), and Mufioz-Garcia (2017)
> (2'): Fishburn (1970) and Kreps (1988; 1990)
> (2*): Silberberg and Suen (2000) and Riley (2012)

> (21): Luenberger (1995), Gravelle and Rees (2004), Jehle and Reny (2011), Varian
(2014), and Wang (2018).

> (2%): Kreps (2013)
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Proof Sketch: Part 1

» Clearly if Tgy rationalizes a data set D, then Try._1nq rationalizes D.

» We show that if Tz does not rationalize a data set D, then Try_1,q does not
rationalize D.

» Transitivity and strong independence imply finite dominance axiom

Proposition 3

Assume that (7Z,>) € T1.mmg and for each i € {1,...,n}, P;,Q; € A(X),«; > 0, and

P; 7 Q; with >~ ; a; =1 and for some k € {1,...n}, Py > Qy, then

Z?:l o b - 2?21 a;Q;.

> By Farkas’ lemma any finite collection of preferences either are rationalizable by

expected utility or violate finite dominance axiom
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Proof Sketch: Part 2

Since D is a finite set of simple lotteries, there exists a finite set Y = {y1,...,yn} C X

such that D C A(Y). Enumerate
ZP={(P11, Q1) -, (Pp1,@Qpa) } and == {(P12,Q12),..., (Py2, Qq2) }-

Define the matrices AT, A9, BP B as follows

AP = [Py () .yet, phx {1} A9 = [Qir () i) e{1, {1}

BP = [B,z(yj)](i,j)E{l,...,q}X{l,...,n}7
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Proof Sketch: Part 2

Since D is a finite set of simple lotteries, there exists a finite set Y = {y1,...,yn} C X

such that D C A(Y). Enumerate
ZP={(P11, Q1) -, (Pp1,@Qpa) } and == {(P12,Q12),..., (Py2, Qq2) }-
Define the matrices AT, A9, BP B as follows
A = 1Qi 1 () i) e(t,p} <1}

AP = [Py () .yet, phx {1}
B = [Qi2(y))(i.1)e {1 a} x {1,

B = [R,Q(yj)](i,j)e{l,...,q}><{1,...,n}7
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Proof Sketch: Part 2

Since D is a finite set of simple lotteries, there exists a finite set Y = {y1,...,yn} C X

such that D C A(Y). Enumerate
ZP={(P11, Q1) -, (Pp1,@Qpa) } and == {(P12,Q12),..., (Py2, Qq2) }-
Define the matrices A", A9 BY BY as follows
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By Farkas’ lemma one and only one of the following two conditions holds:

(1) There exists z € R™ such that (BY — B?)z > 0 and (A" — A9)z > 0.
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Proof Sketch: Part 2

Since D is a finite set of simple lotteries, there exists a finite set Y = {y1,...,yn} C X

such that D C A(Y). Enumerate
ZP={(PL1,Qua), ., (Pp1,Qp)} and =P={(Pr2,Q12),- .. (Pp2, Qq2) }-
Define the matrices A", A9 BY BY as follows
A = 1Qi 1 () i) e(t,p} <1}

AP = [Pia(y)ig)e(t,phx{1,mm)s
B = [Qi2(y))(i.1)e {1 a} x {1,

BY = P2y i) tt,mayx {1,.m)}
By Farkas’ lemma one and only one of the following two conditions holds:

(1) There exists z € R" such that (B” — B9)z > 0 and (A — A9)z > 0.
(2) There exist z! € R and 22 € RY such that 2! (A” — AQ) + 22(BY — B?) =0,
21 >0, 22 >0, and Zle zzl + Zgzl Zz2 - 1.
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Proof Sketch: Part 3

(1) There exists z € R™ such that (BY — B?)z > 0 and (AY — A®)z > 0.

Assume first that (1) holds and there exists z € R™ such that (B” — B?)z > 0 and
(AP — AQ)z > 0, then preferences (>, ) defined by a utility function u : X — R such
that for each ¢ = 1,...,n, u(y;) = z; rationalize D which is a contradiction.
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Proof Sketch: Part 4

(2) There exist z! € R? and 22 G R? such that Zl(AP - A9) +22(B" - BY) =0,
21 >0,22>0,and 30 21 + 3%, 22

Now,

p q p q
AP 4+ 22BP = A9 4+ 2B9 — Z z,iPz',l + Z ng)i,g = Z Z;Qm + Z Z]%QZ',Q.
k=1 k=1 k=1 k=1
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Proof Sketch: Part 4

(2) There exist z! € R? and 22 € RY such that Zl(AP - A9) +22(B" - BY) =0,
1>0z>03nd2112 2211

Now,

P q P q
AP 4 22BP = 2149 4 2B — Z 2. Pp1 + Z 22Pig = Z 20 Qi + Z 22Qi 0.

k=1 k=1 k=1 k=1
Assume, per contra, that there exists (7', =') € Tr.mmq that rationalizes D. By finite
dominance axiom, since 22 > 0,

p q ) q
1 2 / 1 P

E 2P+ g 2 P2 - g 2Qi1 + § 21.Qi 2.

k=1 =1 =1 =1

Denoting R =Y_0_, 2zt P;1 + >.1_, 22 P, 2, we have by the definition of -/, R 7 R and
R % R that is a contradiction.
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> X =1{1,2,3}. > Consider preferences 7 satisfying (2') such that
53 e o indifferent: §; ~ 09 ~ &3 = P for all other P
e Otherwise EV

p3 = Prob(3)
» Counterexample requires indifference at the
boundary.
® > Without either of these, this captures the

2 p1 = Prob(1) 91 empirical content.
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(2") Forall P,Q,R € A(X) and « € (0,1)

P-Q = aP+(1—-—a)R>aQ+(1—-a)R.

> X =1{1,2,3}. > Consider preferences 7 satisfying (2') such that
53 e o indifferent: §; ~ 09 ~ &3 = P for all other P

e Otherwise EV

> Data set: §; ~P d5 and
203+ 265 =P 151 + 16,

p3 = Prob(3) » Compatible with 2~ and (2') but not with (2).

» Counterexample requires indifference at the
boundary.

® > Without either of these, this captures the
P p1 = Prob(1) 01

empirical content.
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Counterexample for (2*)
(2*) For all P,Q,R € A(X) and a € (0,1)

Pr@Q = aP+(1—-a)RzaQ+(1—-a)R.

> X ={1,2,3}.
93
» Consider preferences 7 satisfying (2*) such that
® O3 = 09 = 01 = P for all other P
e Otherwise e indifferent.
p3 = Prob(3)
{

09 p1 = Prob(1) 01
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Counterexample for (2*)
(2*) For all P,Q,R € A(X) and a € (0,1)

Pr@Q = aP+(1—-a)RzaQ+(1—-a)R.

> X ={1,2,3}.

03
» Consider preferences 7 satisfying (2*) such that
® O3 = 09 = 01 = P for all other P

e Otherwise e indifferent.
p3 = Prob(3) > Data set: 63 =2 §; and
%53 + %52 ~P %51 + %52

» Compatible with 7~ and (2*) but not with (2).

02 p1 = Prob(1) 01
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> Consider preferences - satisfying (27) such that

e §; = P forall P # 6,
> X ={1,2}. e Otherwise EV.

@
09 p1 = Prob(1) 01
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Counterexample for (21)

(2") Forall P,Q,R € A(X) and o € (0,1)
Pr~@ < aP+(1-a)R~aQ+ (1 —-a)R.

> Consider preferences - satisfying (27) such that
e §y > P forall P =# 6,
> X ={1,2}. o Otherwise EV.

Ja p1 = Prob(1) .51 > Every indifference class is a singleton.

> Data set: §; D d9 and 89 D %51 + %52
> Compatible with > and (27) but not with (2).



Empirical Content Weaker Independence Strict Independence Conclusion

Counterexample for (2¥)
(2%) For all P,Q, R, S € A(X) and o € (0,1)
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> X ={1,2}.

[ @
0 p1 = Prob(1) o1

> Let f: R — R be a non-monotone
solution to the Cauchy functional
equation: for all z,y € R

flx+y)=flz)+ f(y)
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Counterexample for (2¥)
(2%) For all P,Q, R, S € A(X) and o € (0,1)

aP+(1-a)RzaQ+(1—a)R = aP+(1—a)SZaQ+ (1—a)S.

> X ={1,2}.

@ L
02 p1 = Prob(1) 01 > By the Cauchy equation, 7 satisfies (2¥)

» By the properties of the non-monotone
solution thereexist 0 <a<b<c<1
such that f(b) > f(c) > f(a)

> Let f: R — R be a non-monotone
solution to the Cauchy functional
equation: for all z,y € R

> Data set:
r+y)=f(z)+
flety) = 7@+ 1) c61+ (1 —¢)da =P ady + (1 — a)dy
> Linear on Q. Not on R\ Q and b61 + (1 —b)da =P b1 + (1 — )5y

» Consider - defined by

PLQ < f(P) = f(Q).
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Counterexample for (2¥)
(2%) For all P,Q, R, S € A(X) and o € (0,1)

aP+(1-a)R7aQ+ (1 —a)R =

> X ={1,2}.

@ L
52 p1 = Prob(1) it >

> Let f: R — R be a non-monotone
solution to the Cauchy functional
equation: for all z,y € R

flz+y) = f(z)+ fy)
> Linear on Q. Not on R\ Q

» Consider - defined by >

PLQ < f(P) = f(Q).

Strict Independence Conclusion

aP+(1—a)S7aQ+ (1—a)s.

By the Cauchy equation, 2 satisfies (2})
By the properties of the non-monotone
solution there exist 0 < a <b<c<1
such that f(b) > f(c) > f(a)

Data set:

61+ (1 —¢)dy =P ady + (1 — a)ds

and b0y + (1 —b)dy =P c61 + (1 —c)do
Compatible with - and (2}) but not
with (2).



