
Waiting for Balance: Covariate-Adaptive
Randomization in Sequential Experiments

EEA Congress 2025

Pedro Vergara Merino

CREST - ENSAE Paris - Institut Polytechnique de Paris

August 27th, 2025



Allocation Design in Randomized Experiments
Coin-toss assignment:

▶ Ex-ante: treatment groups are “equal” in expectation
▶ Ex-post: by chance, treatment groups may differ substantially

Solutions: When pre-treatment information is available, using more sophisticated allocation
mechanisms (e.g., complete randomization, stratification, matched pairs) may lead to:

▶ More precise ATE estimates (Bai et al., 2024)
▶ Less exposure to publication bias (Snyder and Zhuo, 2024):
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Balance in Sequential Experiments

Many experiments involve units arriving one by one:

▶ Field experiments with enrollment-based designs, such as unemployment benefits

▶ Clinical trials, such as cancer research

▶ Lab experiments in online platforms (Prolific or MTurk)

This poses several challenges for achieving balance:

▶ We do not observe all units beforehand, making classical randomization techniques infeasible

▶ Stratified permuted block design (SPBD): only possible on discrete variables. If one discretizes
continuous covariates, one needs to choose a threshold

▶ Adaptive randomization and minimization methods (mostly used in clinical trials) → increased
predictability of treatment assignment and/or complications in inference
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This Paper

Can we improve balance in sequential experiments?

↪→ Discuss the trade-off between balance and immediacy from the researcher’s perspective
↪→ Introduce a new randomization method achieving exact balance at the cost of short delays in

assignment
↪→ Derive statistical properties of the algorithm and the HT estimator of ATE: imbalances, waiting

periods, unbiasedness, asymptotic normality

What are the practical benefits of this randomization method?
↪→ Suitability for multi-armed bandits and/or response-adaptive methods: non-deterministic,

heterogeneous probabilities

Literature Review
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Data-Generating Process

I work on the superpopulation Neyman-Rubin causal framework with a binary treatment and
units arriving one by one:

t Experimental unit index by time of arrival

Xt Vector of pre-treatment covariates of dimension p

Yt(d) Potential outcome when treated or untreated (d = 1 and d = 0), respectively

Assumption 1 (i.i.d. + moments).

(Yt(0), Yt(1), Xt)
i.i.d.∼ (Y (0), Y (1), X) with E

î
Y (0)2 + Y (1)2 + ||X ||2

ó
< ∞.
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Assignment Mechanism

The researcher assigns individuals to treatment or control (Dt = 1 {unit t is treated}), with a
prespecified probability πt (propensity score).

For a given sample size of n units, an assignment mechanism defines

P((D1, . . . , Dn) = (d1, . . . , dn)|X1, . . . , Xn) for all (d1, . . . , dn) ∈ {0, 1}n.

Assumption 2 (Conditional Unconfoundedness and Strict Common Support).
The assignment mechanism is such that

(D1, . . . , Dn) ⊥⊥ (Y1(0), Y1(1), . . . Yn(0), Yn(1))|(X1, . . . , Xn)

and, for any t = 1, . . . , n,
P(Dt |X1, . . . , Xn) = p(Xt) =: πt

with c < πt < 1 − c for some positive constant c.

After the experiment, the researcher observes Yt := Yt(Dt), for t = 1, . . . , n.
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ATE Estimation

I focus on the estimation of the population average treatment effect

θ0 = E[Y (1) − Y (0)]

through the Horvitz-Thompson estimator

θ̂ = 1
n

n∑
t=1

YtDt
πt

− Yt(1 − Dt)
1 − πt

.

Remark (Difference-in-Means).
If treatment probabilities are homogeneous (πt = π) and the group sizes are fixed (

∑n
t Dt = nπ), one

has

θ̂ = 1
n1

n∑
t=1

YtDt − 1
n0

n∑
t=1

Yt(1 − Dt).
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Exact Balance

Given X , the researcher specifies some vector Zt = g(Xt) of dimension q. I assume here
E[||Z ||2] < ∞.

Definition 1 (Exactly Balanced Allocation).
A treatment allocation (d1, . . . , dn) ∈ {0, 1}n is exactly balanced with respect to (Z1, . . . , Zn) if

1
n

n∑
t=1

Ztdt

πt
= 1

n

n∑
t=1

Zt(1 − dt)
1 − πt

. (1)

Let Z̃t = Zt
πt (1−πt ) , ‹Z =

Ä
Z̃1, . . . , Z̃n

äT
∈ Rn×q, π = (π1, . . . , πn)T ∈ Rn and

d = (d1, . . . , dn)T ∈ Rn, then Equation (1) becomes

(d − π) ∈ ker
(‹ZT)

.
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The Precision Gains from Exact Balance

Proposition 1.
Let Assumptions 1 and 2 hold. Let f (Xt) = E[Yt(1)|Xt ](1 − πt) + E[Yt(0)|Xt ]πt . Given the vector of
covariates X , and the propensity scores π = p(X) an allocation design guaranteeing

1
n

n∑
t=1

f (Xt)Dt

πt
= 1

n

n∑
t=1

f (Xt)(1 − Dt)
1 − πt

minimizes MSE
Ä
θ̂
ä

.

If f (Xt) is linear in Zt , then the design is efficient. In theory, increasing q improves the
approximation of f (Xt) and may lead to more precise estimators.
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Zoom on Period 2: Balancing Constraint General Algorithm

π1 = π2 = 1
2 , X1 = −2.5 and X2 = 7.5
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™
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Zoom on Period 2: Treatment Allocation General Algorithm
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Zoom on Period 3: Balancing Constraints General Algorithm
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Zoom on Period 3: Treatment Allocations General Algorithm

D1 = 0 D1 = 1

π(2)

π(2)

π(2)

π(2)

(0, 0) (1, 0)

(0, 1) (1, 1)

(0, 0) (1, 0)

(0, 1) (1, 1)

(0, 0) (1, 0)

(0, 1) (1, 1)

(0, 0) (1, 0)

(0, 1) (1, 1)

π(1) π(1) π(1) π(1)

s3

s2

s3

s2

s3

s2

s3

s2

(π1(2), π2(2), π3(2)) =

Å
0,

7
15

, 0
ã

w.p.
1
4

Å
0,

1
5

, 1
ã

w.p.
1
4

Å
1,

4
5

, 0
ã

w.p.
1
4

Å
1,

8
15

, 1
ã

w.p.
1
4

Pedro Vergara Merino Covariate-Adaptive Randomization in Sequential Experiments EEA 2025 - 14



Unbiasedness of the HT Estimator

Proposition 2 (Unbiasedness).

Let Assumptions 1-2 hold. Under the general algorithm,

E[Dt |X1, . . . , Xn] = πt

and, therefore, the HT estimator is unbiased, i.e.,

E
î
θ̂ − θ0

ó
= 0.

Proposition 3 (Selection Bias).

Let πt = 1/2 for t = 1, . . . , n. Then, the ability to predict an assignment under the general algorithm
is identical to coin toss randomization.
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Imbalances
Imbalances are measured according to:

Bn,q =
∣∣∣∣∣
∣∣∣∣∣1n

n∑
i=1

ZtDt
πt

− Zt(1 − Dt)
1 − πt

∣∣∣∣∣
∣∣∣∣∣
2

.

Proposition 4 (Imbalances).

Let Assumptions 1-2 hold. Under the coin toss assignment,

E[Bn,q] = 1
n

q∑
k=1

E
ï

Z 2
k

π(1 − π)

ò
.

Under the general algorithm,

E[Bn,q] = q
n2

q∑
k=1

E
ï

Z 2
k

π(1 − π)

ò
.

Pedro Vergara Merino Covariate-Adaptive Randomization in Sequential Experiments EEA 2025 - 16



Imbalances: Simulations
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Waiting Times

Under the general algorithm units can wait for more than one period. I denote by Tt the
number of periods that unit t waits. If unit t is immediately assigned, Tt = 0. At most,
Tt = n − t + 1.

Proposition 5 (Sample Distribution of Waiting Times).

Under the algorithm,
T n,q = q(2n − q + 1)

2n ,

and

(q2 + q)(2q + 1)
6(n − 1) − q2(q + 1)2

4n(n − 1) ≤ σ2
n,q ≤ (q + 1)(2q2 − 6qn + q + 6n2)

6(n − 1) − (q + 1)2(2n − q)2

4n(n − 1) .
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Waiting Times: Simulations

# Covariates 1 2 3 4 5 6 7 8 9 10

Mean 1.00 2.00 2.99 3.99 4.98 5.97 6.96 7.94 8.93 9.91
SD 2.22 2.88 4.12 5.19 6.22 7.16 8.08 9.00 9.91 10.77

Min 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1% 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
5% 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.06
10% 0.00 0.00 0.00 0.00 0.00 0.01 0.18 0.64 0.92 0.99
25% 0.00 0.00 0.30 0.98 1.00 1.20 1.89 2.02 2.40 2.91
50% 0.00 1.00 1.91 2.12 3.00 3.82 4.40 5.09 5.89 6.60
75% 1.00 2.61 3.99 5.20 6.67 7.97 9.25 10.58 11.91 13.21
90% 3.00 4.93 7.44 9.79 12.08 14.29 16.41 18.58 20.77 22.85
95% 4.77 7.03 10.54 13.70 16.67 19.67 22.39 25.12 28.01 30.68
99% 10.14 13.45 18.94 23.98 28.75 33.04 37.50 41.87 46.04 49.98
Max 22.11 27.03 36.08 43.76 50.99 57.45 64.15 70.84 77.06 83.64
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Waiting Times: Experimental Data
Experimental data from Caria et al. (2024), which include exact arrival times.

Sequential Cube Stratification
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Asymptotic Normality

Definition 2 (Orthogonal Projections).
We consider the following orthogonal projections:

Yt(0) = α0 + Z ′
t

πt
β0 + εt(0) (2)

Yt(1) = α1 + Z ′
t

1 − πt
β1 + εt(1) (3)

with E[εi (0)] = E[εt(1)] = E
î
εt(0) Zt

πt

ó
= E
î
εt(1) Zt

1−πt

ó
= 0.

Proposition 6 (Asymptotic Normality).
Let Assumptions 1-2 hold. Then,

√
n
Ä
θ̂HT − θ

ä d−→ N (0, V ) ,

with V = E[π1]E
[

σ2
1(X1)
π2

1

]
+ E[1 − π1]E

[
σ2

0(X1)
(1−π1)2

]
+ V

(
Z ′

1β1
1−π1

− Z ′
1β0
π1

)
.
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Simulations – DGPs

I try two different specifications. In all of them, n = 500, p = 10, πt = 1/2, Xt ∼ N (0, 1)p,
εt(d) ∼ N (0, 1) for d = 0, 1 and θ0 = 0.

1. Linear Model: Yt(0) = 1 + X1,t + . . . + X10,t + εt(0) and Yt(1) = Yt(0) − εt(0) + εt(1)

2. Misspecified Model: Yt(0) = 1√
10 (X 2

1,t + . . . + X 2
10,t) + εt(0) and Yt(1) = Yt(0) − εt(0) + εt(1)

3. Noise Model: Yt(0) = εt(0) and Yt(1) = εt(1).

I first compare the precision of three allocation mechanisms: the sequential cube method, coin
toss procedure, and SPBD. I look at the ratio

V(θ̂Π)
V(θ̂CT )

Pedro Vergara Merino Covariate-Adaptive Randomization in Sequential Experiments EEA 2025 - 22



Precision Gains: Linear Model Misspecified Noise
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Inference: Coverage Rates
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Conclusion

▶ Motivation: Sequential experiments often struggle to achieve covariate balance.

▶ Contribution: Introduced a randomization algorithm that:
• Achieves almost exact covariate balance
• Maintains non-deterministic assignment
• Requires limited waiting periods

▶ Statistical Results:
• HT estimator is unbiased and asymptotically normal
• Substantially reduces imbalances and variance

▶ Practical Implications:
• Applicable in field, lab, and online experiments
• Adaptable to multi-armed bandits and response-adaptive designs

▶ Future Work: Response-adaptiveness and anytime-valid inference
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Cube method (Davezies et al., 2024; Deville and Tillé, 2004)
Back
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General Algorithm
1. Before the experiment: the empiricist commits on a sample size n, a function g : Rp → R

q

selecting the moments of X to balance, and a function p(.) defining the propensity scores.

2. Initial waiting periods: Units t = 1, . . . , q arrive and wait. We denote π(t) = (π1, . . . , πt)′.

3. Sequential assignment: At the arrival of units t = q + 1, . . . , n

3.1 Redefine π(t − 1) = (π(t − 1)′, πt)′.

3.2 Let ‹Z(t) =
Ä g(X1)

π1(1−π1) , . . . ,
g(Xt )

πt (1−πt )

ä′
, U(t) = {s ∈ {1, . . . , t}|πs(t − 1) ∈ (0, 1)} and

W (t) = diag(a1, . . . , at), with as = 1 if s ∈ U(t), 0 otherwise.

3.3 Draw v(t) ∈ Rt , compute u(t) = W (t)v(t) − W (t)‹Z(t)
(‹Z(t)

T
W (t)‹Z(t)

)−1 ‹Z(t)W (t)v(t),

λ1(t) = mins∈U(t)
1{us (t)>0}−πs (t−1)

us (t) , λ2(t) = mins∈U(t)
πs (t−1)−1{us (t)<0}

us (t) , r(t) = λ2(t)
λ1(t)+λ2(t) .

3.4 Update probabilities π(t) =
®

π(t − 1) + λ1u(t), w.p. r(t)
π(t − 1) − λ2u(t), w.p. 1 − r(t)

4. After period n: Allocate unassigned units (at most q) using a coin toss with probabilities πs(n).
Back
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Link to the “Cube Method”

π(0) π(1)
π(2)

(0, 0, 0) (1, 0, 0)

(1, 1, 0)(0, 1, 0)

(0, 0, 1) (1, 0, 1)

(1, 1, 1)(0, 1, 1)
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π(0) π(1)
π(2)

(0, 0, 0) (1, 0, 0)

(1, 1, 0)(0, 1, 0)

(0, 0, 1) (1, 0, 1)

(1, 1, 1)(0, 1, 1)

ß
(s1, s2, s3) ∈ [0, 1]3

∣∣ X1s1
π1

+ X2s2
π2

+ X3s3
π3

= X1(1 − s1)
1 − π1

+ X2(1 − s2)
1 − π2

+ X3(1 − s3)
1 − π3

™
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Possible Modifications of the Algorithm

In practice, the empiricist might want to slightly modify the algorithm

1. X with discrete support: It becomes necessary to reintroduce waiting periods if more than one
unit are allocated in the same period.

2. Maximal waiting rule: If at some period t, a unit has waited more than T periods, allocate the
unassigned units s ∈ U(t) using independent coin tosses with probabilities πs(t).

3. Batches: Units are allowed to wait more before being assigned, and we assign multiple units at
the same time → useful for batched multi-arm bandits.

↪→ This paper focuses on the general algorithm for statistical properties.

Back
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Precision Gains: Misspecified Model

Figure 1: Variance Ratio in Misspecified Model
Back
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Precision Gains: Noise Model

Figure 2: Variance Ratio in Noise Model
Back
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Multiple Treatments

I first extend the method to the case of multiple treatments. I do so by nesting the algorithm.
This introduces extra constraints and thus further waiting periods.

For simplicity consider, Dt ∈ {0, 1, 2} and propensity scores πt0, πt1 and πt2, with
πt0 + πt1 + πt2 = 1. We start by allocating units to D = 2, so we update the propensity scores
πt2 and 1 − πt2 = πt1 + πt0. At a period s, the update vector u(s), must satisfy

u(s) ∈ ker
Ç

XT

π2(π1 + π0)

å
.

Some units will be excluded from treatment 2 at a period s (π2t(s) = 0). These units must be
allocated between treatments 0 and 1. This assignment requires two constraints:

u(s) ∈ ker
Ç

XT

π0
,

XT

π1

å
.
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Graphical Intuition

D = 2 D < 2

D = 1 D = 0

π2 1 − π2

π1
1−π2

1−π1
1−π2

Remark (Homogeneous Probabilities).
For homogeneous πi , one constraint at each step is sufficient.
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Multi-Armed Bandits

Several aspects of the algorithm could be interesting for bandit algorithms:

1. ETC: Use a balancing algorithm in the exploratory phase.

→ More precise estimates should lead to less regret.

2. Bootstrap Linear Thompson Sampling (Athey et al., 2022; Caria et al., 2024): The treatment
probabilities are a convex combination between the estimated probability of success of a
treatment and a positive constant.

→ I can exploit the suitability for heterogeneous probabilities in my algorithm.
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Targeting Precision

Ongoing research on other adaptive features of the method that could increase precision:

1. Adapt probabilities with respect to the feasible Neyman allocation: πt = ”σ1”σ1+”σ0

2. Contextual Neyman Allocation: πt = σ̂1(Xt )
σ̂1(Xt )+σ̂0(Xt )

3. Use of responses to adapt the covariates used for balancing. E.g., estimate the function f (.)
non-parametrically and balance on f̂ (Xt) for future units.
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